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Abstract : in a preceding note (VIR-0164A-15), we addressed the case of a slab heated by absorption
of light power at the surface. We derived a ssimple model allowing to numerically compute the
temperature field, the deformation and the lensing for an arbitrary 2D distribution of incident power
through analytical transfer functions. We now do the same for a bulk absor ption.

1) Basic equations

The plate (typically a compensation plate) is assumed of thickness h and infinite in the transverse
plane (which means that we consider the heated zone small compared to its overall diameter) the
coordinates are as follows: [0< z< h],] -0 <X,y <oo[ . A light beam of power profile H(X,y)is

incident on the face z=0. The materia the plate is made of has a linear absorption coefficient
[ (m™), so that there is a source of heat BH(X,y)exp(-£52) (W.m?®) inside the slab. The
Fourier equation reads therefore :

—KAT(Xx,Y,2) = BH(X, y) exp(-[52)

Where T(X,Y,Z2) is the temperature field, and K the thermal conductivity. We firstly look for a
special solution t(X, Y, z) =t,(X, y)exp(—£z). By taking the Fourier transform of the equation, we
get :

fo(p,q)=% , k=yp*+q’

The general solution is the sum of the preceding, plus a harmonic function (thus satisfying the
homogeneous heat eq.), of Fourier transform

£,(p.a) = A(p,q)e™ + B(p,q)e”

The arbitrary functions A and B are determined by the boundary conditions. The boundary conditions
express the thermal equilibrium of the plate which evacuates heat by thermal radiation. We consider a

weak excess of temperature with respect to the external T, so that we take alinear version of the

Stefan heat flux : 4sT;’(t +1,) where S isthe Stefan consgtant. The boundary condition at z = 0gives

_K[OT(X, Y, 2)

~ LO = —4sT2[t(X, y,0) +1,(X, y,0)]

After a Fourier transform, we get



K[ Bf, + kA-kB|=~4sT[{, + A+ B]
We introduce the reduced radiation constant x = 4sT03 /K (m™), and we obtain afirst equation
@) (k+x)A-(k-«)B=—(x+ ),
The same way, for the face z=h, we obtain :
(2) (k-Kk)e"A-(k+k)E"B=(k-p)e",

1.1 Transfer function for thetemperaturefield

The solution of the system (1)-(2) is such that finally, for the excess temperature with respect to the
xternal temperature T, :

@ T(pag2= %e‘ﬁh’z{e'ﬂ(z'“’z) ~U cosh[k(z-h/2)] +V sinh[k(z—h/2)]}

with

K cosh(Sh/2) + Bsinh(Bh/ 2)

Uk,B)= k cosh(kh/ 2) +k sinh(kh/2)

ksinh(Bh/2) + Bcosh(Bh/ 2)
Kk sinh(kh/ 2) + k cosh(kh/ 2)

vk B) =

making clear that there is no singularity for k= . Anyway, in the case of a redlistic numerical

implementation, the two lowest values of k are k=0 and k=277/F where F xF is the square
window on which the plate is discretized. Even for a 1m side window, the value of 277/ F is much
larger than even strong absorption coefficients, so that the case k = 8 does not exist in practice . We
have thus the isotropic,( i.e. function of k only) transfer function relating the 2D Fourier transform of

the temperature field to the 2DFT of the incoming light power distribution :
(4) T(xy.2)=5'[0[p.qxF[H(xy)]]
with

ﬂe—ﬁhlz{e—ﬁ(z—h/Z) iy COSh[k(Z‘ h/2)] +V sinh[k(z— h/ 2)]}
K (kz _,82)

) ©u(pa,2)=

For p=q=k=0,thisis:

b _ .
@1(0, 0,2 :E—IB{COShb+ ’Bsinhb_ (z—h/2)(ksinhb+ Scoshb — g Azhi2)

P2 1+xh/2

} (b= ph/2)



For very small values of S h, eq.(5) reduces, at first orderin £ to:

6) ©,(pa.2)= (Bh<1)

g [, xeosh[k(z=h/2)]
Kk?|™ kcosh(kh/2) +ksinh(kh/2)

so that in this case, we have :
0,(0,0,2) = i[ h+kz(h-2)] (Bh<1)
2Kk

1.2 Transfer function for thethermal lens

If now we are interested with the thermal lensing, we know that the lens L(X,y) is related to the
excess temperature field by :

L(x,y) = [3—? +a(l+o)(n —1)HT(X, y,2)dz

So that we obtain for the transfer function :

—-pBh/2 : .
(7) Gz(p,q):[j—?mam)(n-l)} 2pe {th(ﬂh/Z)_U Slnh(khIZ)}

K(k* - 5°) B k

Which for very small values of Sh issmply :

8 ©.(p.0) :[%Jfa(“a)(n—l)} 2a { xsinh(a)

Kk? - a[Kcosh(a) + ksinh(a)ﬂ (@skn/2)

It is useful to know thevalueof (7)at k=0 :

0,(0,0) = [%ﬂr(ﬂ a)(n—l)} T(e; {coshb+sinh b('g iﬂ (b=ph/2)

K

Which for small Sh reducesto:

0,(0,0) = {3—$+a(1+ J)(n—l)} i‘; (1+kh/6)

2) Numerical processing

The process to obtain atemperature, then a lens from an arbitrary incoming heating beam is as follows
(see note VIR-0164A-15 for details) : Take the 2D-FT of H (X, ), giving H(p,q). Multiply by the
transfer function ©_(p,q) , then take theinverse 2D-FT (Eq. 4). We give three fancy examples.



2.1 Examplel

The heating beam has a square transverse power pattern and is located anywhere (see Fig.1)

Fig.1: asquared beam (arb. Units)

The surface temperature (at z=0) isasfollows, using O, (seeFig.2)




Fig.2 : Surface temperature (arb. Units)

The thermal lens has the following pattern, using ©, (seeFig.3)

Fig.3: Therma lens (arb. Units)

2.2 Example 2 : the incoming beam has an exotic pattern, with 4 power peaks (see. Fig.4) :
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Fig.4

The surface temperatureis as follows (see Fig.5) :
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Fig.5

Whereas the lens has the following pattern (see Fig. 6) :

0.40

0.30

0.20

0.10

0.00

-0.10

-0.20

-0.30

-0.40
-0.40 -0.30 -0.20 -0.10 0.00 0.10 0.20 0.30 0.4C

Fig.6



2.3 Example 3 : the heating beam has aring-like power profile (Fig.7) :

Fig.7

The resulting temperature at the surfaceis as follows (Fig.8) :

Fig.8



Thethermal lensis (Fig.9) :

Fig.9



