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Introduction

The calculation of the Virgo sensitivity curve is usually performed by including just the thermal noise of the mirror
pendulum with the assumption that the effect of the other masses like the marionette and the reaction mass is negligible
in the bandwidth of interest. However, this assumption is valid if the marionette mass is higher than those ones of the
mirror and the reaction mass because its recoil is negligible under these hypotheses. These conditions can be less valid
in the case of the Virgo Advanced suspension in which the mirror suspension losses are very low and the masses of the
marionette and the mirror are likely to be comparable. For this reason, we have computed the contribution to the
pendulum thermal noise of the whole Virgo last stage suspensions, without any assumption on the masses amounts.

This note is meant to give an overview of the calculations performed by the three authors on the mirror last stage
suspension thermal noise. So, in the following you’ll find the three different approaches that will lead to results which
are in full agreement.

The paper is divided into three main sections (1, 2, 3), each of them referring to a different approach. For this reason
the notations used can be slightly different but consistent within the same section.

1. Direct application of the Fluctuation-Dissipation theorem and matrix approach
The computation is an extension of what made by M.Punturo and F.Travasso in the Virgo internal note (Punturo M.

2003).

1.1. Evaluation of the Lagrangian of the system

In this section the following indices are used:
1) Mirror
2) Reference Mass
3) Marionette

03
The coordinates adopted are the Virgo
standard: M3
e Horizontal axis, orthogonal to the
beam: x
e Horizontal axis, parallel to the beam:
z
e Vertical axis: y 0, 0,

M,

It is well known that the equations of the motion of a mechanical system could be obtained through the Eulero-
Lagrange equations:

d(oc) oc

—| —=|-==0
dt{ aq; ) oq;

(1)

where L is the Lagrangian of the system defined by:
(2) L=T-V

being T the kinetic energy of the system and V the potential energy.
In our case, the displacements of interest (on which we compute the thermal noises) are:
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4, = L191 + L3‘93 L191 =17, — 14
(3) z,=L0,+L..6, = L,0,=2,-1,
Z; = |-393 L3‘93 =1

Hence, the velocity of the mirror is given by:
) v, =7, =L6 + L0,
vy = ¥. = L66 + L,66,

The second term is negligible since it introduces just 3™ order terms. The kinetic energy of the mirror is then:

5) T, =%ml(L1<9'l +L0,)

The reference mass is perfectly symmetric, swapping the index 1<2. The Marionette kinetic energy is:
1 . \2
(6) T,=—m o
3753 ( L3 3)

Since we want to introduce the thermal noise, we cannot consider the forces conservatives and then we cannot introduce
a simple gravitational potential energy. It can be demonstrated (see text books like (Goldstein s.d.)) that (1) is still valid

if we replace the potential energy by a “generalized potential” U(q],q],)such as the generalized forces Fy could be
written:

o dfou

? "5, el g,
q; q;

In the pendulum case this requirement is satisfied. In fact the restoring force is given mainly by the gravitation, and the
conservative potential energy is simply m gAy., and partially by the elastic reaction of the bended suspension wire. The

gravitational contribution to the generalized potential is:

8 Ysho™

6 1 1
+ j Em( O3, L0 + 03, L07) =, (0f 75+ 032

:ug:Zug\j

‘ =m;g 2 m;@ p3L392 2 350;2)322
where w = \g/ L is the angular frequency of the pendulum.

The elastic constant of the bended suspension wire is given by:

b;\/n (m g) i
5 ;=12
anJ\/AJ i'2j 2Lj
©) =T o
J by\n; (M 9)Y;ly; -
2 ,]=3
2L
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Where n; is the number of suspension wires (usually, in Virgo and advanced Virgo, n;=n,=4, n;=1), b; is the number of
flexural points (n;=2), A=mg/n is the tension of each suspension wire (M=m;+m,+m;), Y; is the Young modulus of the

suspension wires, I, = T 4 is the cross-section momentum (r=radius of the suspension wire, supposed cylindrical).
4

To introduce the dissipation in the wire, according to the so-called structural model, it is enough to apply the
substitution:

(10) k= k(1+ig, )
The generalized elastic potential, for each bended pendulum, is

1 2 1 2 1 22
(11) Uej:Ekaj=§mjcowjzJ 2ma) L0

where, neglecting for simplicity the index j:

(12) W = nyl, nyl,
" m 2L2 @ 2L

Where D is called dilution factor and m = my, m,, Mr.

Comparing (11) with (8), it is evident that, for each bended pendulum we should consider a gravitational and an elastic
generalized potential that could be written in a more compact shape if we introduce the effective oscillation angular
frequency:

(13) o] = @y + o) :wii[(“_ Di)”Dj("j]

Since D is usually small (of the order of 102 — 1073, the real part of the pendulum frequency is slightly affected by the
elastic contribution, and the internal losses of the suspension wires are down-scaled by the pendulum dilution factor.
Adopting equation (13), the generalized elastic and gravitational potential is:

1 21202 21202 1 2,2 2,2
9 ‘,-:fz =§mj (a’j L6 “03'-393):?“1 (a’jzj +a’323) 3
(14) 1 =U,, :ZUgej
Ugl, = m L2607 = —m ROy =

The new Lagrangian, including the structural dissipation is, then:

E:T—Uge:%ml(LléﬁL393)2+%m2(L26'?2+I_36'?3)2+1m3(L393)2+

(15)
_%ml(a)lzl‘iglz +(0§L§932)—%m2 (6022L§t922 s LSQZ) m 10, 50y

The structural model is not appropriate to describe the frictional damping processes that could occur on the payload
(like magnetic dissipation, residual gas damping, and excess losses in the mechanics, ...). For this reason we need to
introduce a viscous force given by F=-myv, where v is the velocity of the body and yj=Re(w;)/Q; (Q is the mechanical Q
of the damping process). This viscous force could be derived by a dissipation Rayleigh potential function:

13 . \2
(16) ‘P=§me(Lﬂj)
-1

Note that the (17) is appropriate to describe viscous dissipation processes related to the velocities of the bodies respect
their own suspension point, but not to describe global viscous dumping, like the residual gas, where the composition of
the velocities (i.e. v;+Vs) should be considered.

Introducing this potential function, the Lagrangian equations become:

d{oL | oL oY

(17) —| = +—=0
dt{ aq, aq] oq;
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Solving these equations we obtain the system of motion equation:
m L { L6, + L6, + ol L6, + 71'-191} =0
(18) m,L, { L6, + Lb, + @ L,6, + ,L,6,} =0

MTLS{M(Llél)‘F,Uz(L2é2>+(|-sé3)+w32(L393)+ﬂ373(|-393)} =0

Where

(19) Mp=m+m,+m, ; p=—-

To evaluate the thermal noise If we consider the stochastic thermal noise forces F;, that are applied at each pendulum
body, the generalized stochastic thermal forces F; are:

3 oz Fl ’ I—1
(20 RN L
i=1 qj (F1+F2+F3)~|_3
and (17) becomes
d( o ol o¥Y
(21) ol B +—= ng
dt{ aq; | 0q; oq;
Considering the thermal driving force, the equations are then:
. . . =
L+ L+ 0P L6, + L=
1
. . , ' F,
(22) L,0, + L6, + v, 1,0, + y,L,6, = m,
2
) j j .\ F+F+F
M<L19)1+ﬂ2 (L292)+(L3¢93)+a)§(L303)+y373(|_393) =$
T

Let sum at the third equation the first one multiplied by —; and the second one by —,:

. . . E
Lé+ LA, + il + L6 =

1

(23) Lzéz + L3l93 + a)22L202 +7 ngz = %
>

5 yz, 1 . .U . F

L0, —&a)leHl——za)zszﬁz +—af (L) + rsLsbs _&71L1‘91_7272L292 ==

H3 3 3 3 3 m,

Or in displacement:

Fl

ml

24) | ., , , F

(24) L+ @1, — @iz, +y,2, —y,l =%
2

o 2 2 . .
L+ —w Z3 +7.4 —}/123 =

2 2 2
g Moo My o Wi H WO L0, W My Yty F
Ly—— WL ——=w, 7, + Li——nNnL 7t ;=

_3
My s Hs M M s m,
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1.2. Using matrix formalism
The equation (24) can be expressed in matrix formalism:
2 d
(25) | —X+T—X+Q-X=M"F
dt dt

Where 1 is the identity matrix:

00
(26) | = 10
0 01
I" is the matrix of the damping coefficients:
" 0 7
(27) = 0 7> 72
M _Hy Myt ), t )
v V2
H 3 H
Q is the matrix of the pendulum frequencies
! 0 —w!
(28) Q= 0 w; ~]
g My sl el oS
Hs Hs H
M is the masses matrix:
m 0 O
(29) M=0 m, O
0 0 m

X is the column vector of the displacements z;, F is the column vector of the thermal stochastic forces F;. and d/dt are
the derivative operators.
In the Fourier transform, (25) becomes:
(Q—a)zl +ia)-F)- X=M'F =
(30) 1.

~ . -1 1= . -
X =(Q-a’l +io-T) M 1F=[M~(Q—a)2l+|a)-l“)] E
By definition, the transfer function H is:

(31) X=H-F

= H=[M(Q-ol +io-T)]

The mechanical impedance of the system is

N 5 1, 1 .
(32) F=Z.X = Z:EHIZE[M-(Q—a)ZIHa)-F)]
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1.3. Pendulum thermal noise
Finally, thanks to the Fluctuation-Dissipation Theorem (FDT), the power spectrum of the thermal noise displacement of
the mirror (index j=1) is given by:

5 (1) = 4ZBZT SR{(Z’I)M} :4k_BZTin Hi M .(Q—a)2I +ia;.1“)j_l}

w iw
11

1.4. Thermoelastic dissipation
For sake of completeness, we should report that an important dissipation in the suspension wires is the thermo-elastic
dissipation:
2
AYY T or
(34) q)th(w):(a_ﬂEY.S]

C, 1+(a)r)2

Usually this dissipation is inserted in the loss angle definition:
@((0) = q’mat + @surf + ¢th (a))
(35) d
Pt = Prat| S T e
surf mat V /S
where ¢mae iS the material intrinsic loss angle and ¢g,t iS the excess loss due to the wire surface. The thermoelastic
dissipation depends by the velocity of the oscillation () and then the previous mathematical description is still valid

since we can introduce a “generalized potential” U(qj, q']) .

1.5. Vertical mode
The vertical oscillation of the payload can be computed applying equation (21) to the vertical Lagrangian and to the
vertical viscous damping forces. The generalized coordinates are the vertical quotes of the three bodies; hence:

1 . 1 ) 1 . 1 2 1 2 1
Ev:Tv_Uve:Em1y12+_m2y§+_m3y32__k1(y1_y3) _Ekz(yz_ys) _Ek3y32

6) L1 11 , ,
. . . 2 2
:Emﬂﬁz +Em2y22 +Em3y§ _Emla)vzl(yl_ Y3) _Emza’vzz(yz _ys) _EMTQ)\/Zsys?

Where

k.

2 — ;=12 7”1'2

(37) a)vj = mj kJ :anjL—

(27-0.4)° ; j=3 )

The vertical frequency of the marionette is dominated by the softness of the magnetic anti-spring suspension system
(0.4 Hz of vertical frequency).
Considering only viscous terms generated by the reciprocal motion of the masses, the Rayleigh potential is:

1 . 1 ) . 1 )
(38) va:Em171(y1_y3)2+§m272(y2_y3)2+§m373y§

where the y; could be numerically different from the horizontal ones.
The system of motion equation is:
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. 2 2 . . Fl
Y1+ @Y, —@n Y3+ 1Y =Y =—
m,
B9Y.. 2 . . R
Yot @Y, =0 Ys+ 7Y, = 7Y =—
m,
2 2 2
T L m, » M@, + M@, + M@, m . om o My, My, —Myy, . F
ys_ilwvlyl_iz oY, T s - - y3+77/1y1+7272y2+ Ys=—"
m, m, m, m, 3 m, m,

The matrix formalism introduced in (25) is fully valid and then the vertical thermal noise is still described by the(33),

where the matrices are:

0 - @’ 0
(40) ) Ve 71 . ) 1 g
1—‘v - 0 72 =72 ’ Qv - 0 @,
&71 &72 HY3s — ) — KoY _&wlz
H H Hs Hy Hy

Inserting the matrices, reported in equation (40), inside the equation (33) the contribution of the vertical fluctuation to
the thermal noise seen by the interferometer could be computed, using the appropriate vertical-to-horizontal coupling

angle.

2 2 2
_& 0)2 HOp + [y, 0y + D3
2

Hs
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2. Thermal noise calculation including the elastic stiffness for the mirror suspension fibres.

The elastic constant of the suspension wire is negligible compared to the gravitational one, in the low frequency range.
But approaching the violin modes frequencies, the elastic energy increases so that the elastic behaviour of the bended
fibre must be taken into account. To do this, it is necessary to solve the elastic equation for a slightly deflected rod
stretched by a tension T:

(41) —EIX™ (y)+Tx"(y)=pSX(y)

For harmonic excitation, the Fourier transform leads to:
(42) EIX™ (y)-TX"(y)-pSe’X (y)=0

where E is the Young modulus, | the moment of inertia, p the density, S the cross section and X the deflection. The
derivatives are calculated with respect to the y coordinates along the rod axis. For cylindrical fibres an analytical
solution can be found:

(43) X (y)=Ae™ +Be """ +Ccos(py)+Dsin(py)
where:
" l_\/T +\T2+4El pSe*
2El
s) p_\/—T +T2+4El pSe’
2EI

Boundary conditions fix the values of the constants A,B,C,D:
(46) X(0)=0; X'(0)=0; X(L)=6; X'(L)=0

The first and the second conditions come from the clamping of the fibre at one end, the third says that the other end is

shifted horizontally by a length & and the last is due to the 4 fibres mirror holding configuration that depresses the 6y tilt.
The force at the end of the fibre can be obtained by:

(47) F=-EIX"(L)
The force results proportional to the shift 3, thus it is possible to define an effective frequency dependent stiffness
constant k = % The complete expression for K is:
4EI/1p(2L3 cos(pL)+A*psin(pL)+Ap?cos(pL)+ p3sin(pL))
48) Kk (a)) = 2 2)\ai
(4% = p?)sin(pL)-24pcos(pL)

This stiffness constant is used to calculate the angular frequency w, = \/k(w)/m, and replaces the corresponding
quantity defined in the equations (13). The internal damping can be considered adding an imaginary part to the Young
modulus E =E, (1+i¢\lm)where E, is the Young modulus of the material and @, is the sum of bulk, surface and

thermoelastic contributions.

Up to now this more accurate calculation of the stiffness was only performed for mirror suspension fibres. But in the
next future same approach should be extended to the RM and Marionette wires and a more realistic lagrangian must be
written taking into account in particular the marionette tilts.

2.1. Optimized fibres
Equation (34) shows that a complete cancellation of the thermoelastic contribution is possible choosing the fibre

diameter according to the load tension. For a mirror mass of 40 kg the resulting diameter is about 820um.
From complete computation results that thermal noise is minimized with a diameter of about 800pum.
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On the other hand, for a 40kg mass mirror, the safe working stress is reached using four 400pum diameter suspension
fibres. Thinner fibres push down vertical mode frequency and shift the violin modes at higher frequencies.
In principle is possible to join the benefits of thinner and thicker fibres.

The so called “optimized fibres” have two heads at the ends, with a length of a few cm’s and a 800um diameter, and a

central part with a 400pum diameter.

At low energy, if thicker heads are longer than the bending length (1/A equation (45)) the whole elastic energy is stored
in these regions. Hence dissipations are confined in the 800um diameter region and the thermal noise is minimized. On
the other hand the bouncing and the first violin modes will be dominated by the thinner region of the fibre and the
frequencies for these modes will be very similar to those of cylindrical fibres with 400um in diameter.

If sharp diameter transitions are considered, an analytic solution of the elastic equation can be found also for optimized
fibres.

The elastic equation (42) becomes:

(49) EL,X®™ (y)-TX"(y)-pS;0°X (y)=0

where j=1,2,3 respectively for the first head, the central part and the last head.
One solution can be written for each part of the fibre:

=123

(50)

The twelve constants (A; ,B ;,C;,D ) can be found from the 4 boundary conditions (46) and from the joining conditions
for the function X and the derivative X’ in the diameter discontinuity points.

Thus it is possible to find the stiffness constants k (as explained in the previous section) and the elastic energy
distribution:

1 i'\2
uelastic (y) = E El (X )
(51) L
U elastic — Iuelastic ( y) dy
0

Each diameter dependent loss angle (surface and thermoelastic contributions) can be weighted with the
distribution energy:

j¢( Y) Ugtastic (y) dy

52 =
(52) ¢ U

elastic

Bulk contribution, that is obviously diameter independent, can be added to obtain the internal total loss angle. No
viscous dissipation is considered for the mirror suspension fibres. So it is possible to write the Young modulus as in
equation (45), and the thermal noise can be computed by replacing the stiffness constant k; in the lagrangian of the
system with the value obtained from the expression
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(53)

e ELX," (L)
5

10
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3. The normal modes study
The last stage suspension system is schematized as a branched combination of three harmonic oscillators (see Figure

3-1) where my, m, and m; are the masses of the marionette, the mirror and the reaction mass respectively. So the
following indices are used:

B 1) Marionette
" | I 2) Mirror
ro By 3) Reaction Mass
T+ )
e M2 The mechanical study of such a system was already presented in the paper (A.
mil K2 Bernardini 1999), where their frequencies were calculated.
. —]ﬁ-‘
! M3
A1l
K, T 3-1 Branched System
! The Lagrangian and the dissipative function of the system are:
" : (54)

1,1 , 1 ., 1 1 1
EZE 1X12 +§m2X§ +§m3X§ _Emla)llez _Emzwzz(xi_xz)z —Em3w§(x1—x3)2

1 o 1 . 1 o
(55) E.==m—L%x*—=m —2('—>'()2——m — (X —)'()2
d 2 1Q1X1 2 2Q2 Xl 2 2 3Q3 Xl 3

Where @i =1,...,3 are the mechanical quality factors of the uncoupled harmonic oscillators.

The equation of motion can be obtained by the Lagrange equations:

5 doc_or ok,
dtox, oOx, OX
. @ w, . . 2
X, +—2 X + iy == (X = X,) + @) %, +
Q, 1t Hy Q, 2 ) K
, ,. .
+ﬂ21a)22 (X —X%,)+ ﬂSlQ_S(Xl —X;) + ﬂ31w§(xl —X;) = f /My
(57) ?

X, +—2(X1—X2)+a)22(X1—X2): fthll /'m,
>

Ko+ (% — %)+ 5032()(1 —Xg) = f /My
3

where g6, =M, /M, ; f, =M,/ m, are mass ratios. The stochastic thermal generalized forces in the right side can
be consistently related to the uncoupled term as:

(58) fth, = fthl - fth2 - fthg; fth,, = fthz; fth,,, = fth3
If we take the Fourier transform of this system we get:

Xy F, /m,
(59) D Xy |=| Fyy /my,

X 3 F‘thlll / m3

Where the matrix D can be written as:

11
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—0" + a)lz + ﬂna)zz + ,Usla)z2 +i w[ = + iy L2 + wB] ﬂ21wz (/‘21 j /‘31503 [ﬂu J
Q Q, Q Q, Q

—@f —i {2] —0" + @ +i a)[a)zJ 0
2 QZ
—of —i a)[ j 0 -0 + @ +i a)[g%]
3

or, in therms of the impedance matrix:

(60)

lwh)
Il

X, E,,
(61) Z| X, |=| Fu
Xy Fim
where
.1 m,D;; mD;, mDj
(62) Z:E m,Dy  m,D,  m,Dy,

mzDy myD;, mpDyg,

3.1. Add-on to the FDT approach
As already described in the section 1.3 once these matrices are found one can calculate the thermal noise of the i™"
oscillator by applying the FDT [Callen] yielding, for the oscillator 2, to the equation

(63) X gy ()" = 4”%{(2( )}

On the other hand, the generalized force correlation terms are related to the impedance matrix by the relations:

2 2 2
Fgll Fng I:913

(64) F2=F2 =FF =4kT Re{Z,}=| F%, F2, Fi
I:9231 F9232 ng33

From the system (7) we can work out the explicit calculation of the displacement spectrum of the physical coordinate x;
in terms of the generalized force fluctuations. For the coordinate x, we get:

(65) X2 — Dz—il Fthl + D2—21 Fthll + D2—31 I:thlll
ml m2 m3
And the computation of the displacement spectrum gives:
2
X (@)
(66) X (@) |=D7'F?
2
Xina (@)
Then for the displacement spectrum of the coordinate X, is:
F F F
(67) Xthg (0))2 — Dgll thi + D;z:L thil + D;; thill
ml m2 m3
Where

12
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1
-1 .
D21 = det( D) ( D23D31 - D21D33 )’
1 1 )
(68) D,, = F(D)( D)0y =Dy, D31)1
1 1 )
23— det( D) ( D13D21 - D11D23)’
And the computation of the displacement spectrum gives:
2
2 L F 4 F 4 F
Xthl(a’) = szﬁ?"" Dzzl r,::: + DzalrtnL;” =
(69) F211 _ By F222 _ Y F233 _ Y
:ﬁ D211(D211) +mg722D221(D221) +mL32D231(D231) +
I:212 - * F213 * - F223 - -
“1( -1 1({ -1 (-1 “1( -1 “1( -1 “1( -1
+9 D3t (D) + D (D5) |+ 2| D5 (D) + D3 (Di) |+~ 22| D32(D2) + D3 (D) |
mlmZ mlm3 m2 3

The predictions (69) and (63) are coincindent, and this is due to the internal consistency of the FDT.

From the equation (69) we can learn the presence of a mixing term taking into account the effect of the correlation
among the various generalized stochastic forces which suggests that in presence of two or more oscillators, the thermal
noise cannot be calculated by a simple sum of the Brownian noises of the single oscillators.

This first conclusion can be better understood by studying the thermal noise with the normal mode approach.

3.2. The Normal Mode treatment

This kind of approach were already applied to the double oscillator system in the papers (Y. O. E. Majorana 1997) and
(Rapagnani 1982).

The Lagrangian in (54) can be expressed as a sum of independent quadratic terms through the substitution of the new

coordinates of the normal modes (Y, , y,, y_ ) related to (X, X,, X; ) as follows:

Y. X,
(70) Y, |=A7 X,
Y, X,
where
2 2
1 W3 _2600 1
W3
1 212 1'13 2 2 2 2 2 2 2 2
(71) 7 _ _|_ Do Mg W3 | Oy Hoy Dy + g D3 — D | 4 Dy Wop
A= ﬂ?l 122 /123 - 2 2 2 + 2 1 2 2 2
A Ay A Wy —O_ Ho1 W, Ho1 D W3 Wy — O,
1 2 3 ) )
Wy, 1 Doz
O — ot O — )l
o3 — (O o3 — @,
Hence we have:
1 2 L 5,1 2 1 22 1 22 1 2.2
(72) L= Em*y* +Em0y0 +§m+y+ _Em’w’y’ —Emoa)0 Yo —§m+a)+y+

while the dissipation function of the system is:
1 ., .o 1 Wy . 2 1 a_ . e e e

(73) E,, ==m, —=y:—=m,—Y," —=m_—y “+Cross(m,@,Q,¥,Y, Y, Yo, Vo V_

=7 Q+y 20QOyo 2™ oY ( Q. Y.V ¥. Yo oY)

13
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for some values of m,,®,,Q,; i=1...3the term Cross(m,,®,,Q., Y.V , V.Y, Y,Y_) can be null and the
diagonalization of the dissipative system is properly performed. It can be shown that the cross-term can be reduced to
zero if:
2 2 2 2
o (@7 ~0f) (@) - )
Ql = Q3 - 4 4

@, (,Usla)s — Hn @, )

(74)

Qz :Q3&
.

2 2 2 2
(0 -0 )(0f - )

in this case the diagonalization of the dissipative system can be performed and the modes (y+, Yo, Y- ) can be properly
called normal modes.
But, in general this is not true and (y+, Yo y_) are called quasi-normal modes. In this approximation the normal

modes treatment holds if the term Cross(m;, @, Q;, Y.V , Y. Yo, YoY_) remains negligible in the normal dissipation

function (73).
Let us assume that the equations of the modes can be decoupled:

_ m_
(75) Y, +=2Y, + @? =19
0 0 0
Q, m,
, F
2 _ P
Y, +—Y, +to, =—
+ m+

The quantities @_, @,, , are the normal modes pulsations that can be calculated by the positive zeros of the real part
of the matrix Ij determinant, defined in equation (60) giving the equation:

o’ +a,0" +a,0° +a,=0
76) a, = _(wgl +(1+ ,U21)a)§2 +(1+ ﬂ31)a’§3)

a, = wgl (0)52 + 6053) + (L4 gy + ,1131)6!)520)023

8 = _a’ozlwgzwgs

The normal masses m_m, m__are calculated by imposing the equivalence between the kinetic energy of the whole
system in the espressions (54) and (72). We find:

2 2 2

m_ ﬂ‘ll /112 213 m, R m,

(77) m, | = ]‘212 /1222 /ﬁtzs2 m, | = A’ m,
2 2 2

m, /131 /132 233 m, m,

The coupled quality factors can be found by imposing the equivalence between the dissipation function (73) in which
we have replace the relations (70) and the normal dissipation function (73). We notice that in general, there is a cross-
termin the dissipative We find:
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- -1

2 2 2 2
om  om 0] .M )
Q=om | 2+22 —— | +—23| 5
Q Q, \ o -, Q o —a

- -1

2 2
2
w,m @, M (0] w,M -+

2 2 2 2
Ql Q2 o, —, Q3 @, — W,

Qy =om,

1
2 2 2, 4 _2f 2 2

wm o oM, @y w,m,| GO+ 0~ (a)l +(1+ﬂ31)a’3)

1-% | [ DT D

@,

4 2 2
Q Q Q, Ho1 W, (03

The expressions of (78) are completely equivalent to those ones found in the reference (P. E. Majorana 1993).
The normal forces are related to the generalized forces by the relations:

Fin. P
m- Ml Fth— I:thl
Foo |_ 2| F - SRV
(79) M0 = A7 M R, =N Ry | N=MA"M
mO MZ
I:th+ I:thlll
Fth+ I:thlll
m, M,

Applying the Langevin equation on the coordinate X, we find:
(Xua(@?) = ([ (@) + Do @)+ Y. (@) ) =
= 2t (N (@) )+ Aog” (Mol )+ 255° (¥, () )+
(80) 20170 (Y (0)Y5 () + Yo (@)Y (@) +
i (Y (@)Y, (@) +Y, (@)Y (@) +
s s (Y, ()Y (@) +Y, (@)Y, (@)

taking into account the expressions (58) and the uncorrelation between the stochastic forces, we find:

(81) <Xth2 (a))2> = < fth12>|Tn1 (a))|2 +< fth22>|Tn2 (w)|2 +< fth32>|Tn3(a))|2

where:

T (@) = Ny (@) Ay (@) T_ (@) + N,y (@) A, (0)To (@) + Ny (@) 2y ()T, (@)

T2 (@) = (N, (@) = Ny (0)) 25, (@)T (@) +( Ny, (@) = Nyy (@) 2y (@) Ty (@) +( N3y (@) = Ny (0)) Ay (0)T, (@) and
T3 (@) = (N33 (@) = Ny (@) 2, (@) T_(@) + (N3 (@) = Ny (@) Ay (@) To () + (N (@) = Ny (@) Ao ()T, ()

1 .
m, ’
! (a)2 ~w’ +iwj

Ti

(82)

(83) Ti(w) =
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(84) <fthi2>:M; i=12,3

Toi

the relation (81) differs considerably by the naive treatment of the thermal noise in which the calculation is performed
by a simple quadratic sum of the thermal terms of the normal modes

(85) (X§3"(@)) = &, [T (@) (Fy ")+ 2" [T (@) (Fug” )+ s’ [T (@) (Fy.?)

The main difference is the presence is the equations (80)-(81) of the cross-term due to the correlation between the
normal forces that in the equation (85) are erroneously neglected. In the condition in which the modes are orthogonal
(the conditions (74) are satisfied) the cross-term is null and all the curves coincide. The stochastic cross-coupling is in
this case indentically zero. In the Figure 3-2 the general difference between naive and the modal curves is shown.

w0y
m* ! Hz

s

|

Figure 3-2 Thermal noise prediction of for the Virgo Branched pendulum calculated with the Normal Mode
method, compared with the naive calculation. We notice that the off-resonance zone at high frequencies is quite
different, and in some cases, like ours, the cross-term give rise to a helpful cancellation, which reduces the
thermal noise in the zone of the sensitivy.

Hz

3.3. The pendulum and the vertical modes.

The presented model can be used to calculate the thermal noise of the pendulum or the vertical modes by properly
defining the elastic constants in the system. The following table will resumes the used definitions already introduced in
equations (12), (13) and (37).

Horizontal Modes (Pendulum)
W=+ W Vertical Modes
pi gi wi
_ _ kf]/ Y
gi — —_— wu,l fr— —_— we 2
L m, , L
_ n MY =T w m, /4
el 2 ? 2 wi
2L 4

where Y, r L are the Young modulus, the radius and the length of the suspension wires, while n, f the number of
flexural points and the number of suspension wires of the iy, mass.

3.4. The structural and the viscous losses

In the model the losses of the system are defined by the mechanical quality factors of the oscillators. This is the most
classical approach which comes from a very general treatise of the problem, and that can be found on classical texts
like (Landau L.D. 1975) and in the papers like those of Callen and Greene (Greene F. 1952)(Callen H.B. 1952), in
which the quality factor is related to the decay times of the uncoupled oscillators. The mechanical quality factors
include both the structural and the viscous dissipation mechanisms that could be present on the suspension system by
the relationships:

(86) Q' (w)= ci=1,..3

3 (w)% +Q
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where @ are the viscous quality factors and @, (w) are the losses angles describing the structural losses of the

suspension wires, and described in section 1.4.

17



VIRGD

Measurement of the pendulum Q for the

PR suspension

VIR-NOT-ROM-1390-239

Issue: 3r63

Date: November 29, 2001

4.

Numerical Estimations
In the following several plots of the thermal noise estimations by using the three different models are shown. You’ll

find in the table below the parameters used for the computations.

Suspension wires Fused silica fibres C85 wires Maraging wires
Suspended element Mirror Reference mass Marionette
Suspended Mass 40 kg 40 kg 100 kg

N (number of wires) 4 4 1
Wire length 0.7m 0.7m 1.125m
Wire diameter 0.8mm 0.6mm 1.85mm
Young modulus 72GPa 200GPa 195GPa
Density 2200 kg/m’ 7900 kg/m’ 8000 kg/m’
Specific heat 682 J/(kgK) 502 J/(kgK) 460 J/(kgK)
Thermal conductance 1.38 50 25
Thermal expansion 54107 K* 14107 K* 1.110° K*
B= 1/E dE/dTemp 210" K" -2.782 10" K™ 0
Internal ¢ 10” 107 10*
Horizontal viscous Q - 10" 10°
Vertical viscous Q - 10* 10°
01.v Vert.-Hor. coupling 10°
Temp 290 K
g 9.8 m/s*
Table 1: AdV parameters
4.1. Using with the FDT model
Payload: r1=400um, Q1=10"20, Q2=10"4, Q3=10"2
10™ 4 R T — ] B—
3 i —— Simple Pendulum: r1=400um
15 ] .:\‘ - — - Payload: r1=400um, Q1=10"20, Q2=10"4, Q3=10"2 )
10 3 /' Y Payload: r1=400um, Q1=10"20, Q2=104, Q3=10"2 (Coupling 0.001)
3 % \\ —-—--11=400um, Q1=10"20, Q2=10"4, Q3=10"2, (Coupling 0.001)
10" g———==— -
107 } AN
T 10 A\ N
I 3 e LN b
E 10" ~/\ N
3 N ~
2 107 S S
e o ] S NIA
< 107+ S e
10_22 : i \~:'t_.
3 *\'
107+ S
10-24 5 < :k‘-\\
102 : ~ - ~:"
01 1 10 100
Frequency [Hz]

Figure 3- Thermal noise of the payload, compared with the simple pendulum if Qumaric=10"
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h(f) [L/sart(hz)]

Payload: r1=400um, Q1=10"20, Q2=10"4, Q3=10"3

-14 1 1 1
10 —— Simple Pendulum: r1=400um

15 - - - - Payload: r1=400um, Q1=10"20, Q2=10"4, Q3=10"3
1071 ... Payload: r1=400um, Q1=10"20, Q2=10. Q3=10"3 (Coupling 0.001)
ol L Payload: r]f400um, Q1=10"20, Q2=10"4, Q3=10"3 (Coupling 0.001)
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Figure 4 Thermal noise of the payload, compared with the simple pendulum if Qmark,=103

4.2. Thermal noise calculation including the elastic stiffness for the mirror suspension fibres.
T T T
14
0 ——Horizontal I
Vertical coupled 6, =10”
1045 —Mirror pendolum |
— Total
g-—- 10
N
=
£
® .0
£ 10
10—22
107
|

frequency [Hz]
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4.3.

Using the normal modes treatment.

We have computed the thermal noise curves with the parameters of Virgo Advanced detector. We consider either the
case in which the internal losses are dominant on the mirror losses, then the case in which the viscous damping is
dominant. The parameters used are the same as in table Table 1.

43.1. Internal friction dominant

@10Hz 2 2 Ratio
(Xo(@)") IMINHZ] | (X g (@)?) [m//Hz]

Qumario=100 1.98x10™"® 5.7x10™° 34.8

Qunaric=1000 6.30x10" 5.7x107%° 11

b
10~

Qmario . 102, Qmi"o, = 1020, ern =10% 5=

S — Qmaria = 103' 0~mirr::r = 1020! c"lrm =10* -

4-5 Pendulum Thermal noise in the case the viscous damping is

different marionette quality factor (10>-10°)

|
L

hegligible.

100.0

The two cases correspond to the two

4.3.2.  Viscous Damping dominant

10Hz 2 2 Ratio
@ (Xo(@)) IMINHZ] | (X g (@)?) [m//Hz]
Qunario=100 2.21x107"° 9.9x10™" 2.25
Qumario=1000 1.17x107° 9.9x10™° 1.19
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4-6 Pendulum Thermal noise in the case the viscous damping is comparable with the internal losses. The two cases
correspond to the two different marionette quality factor (102-103)
]

H:
10718 ~ = o
\\ \\\\ Qmatio = 102’ anirrar = 1020’ Q-rm = 104 §
\\\ \ : Qmario = 103' anirror = 1020' ern =10° F
10719 o o
NS
N
10-20 \

/

1/
—
o

o2 \

10-2

[ ~N il
1 F ] 5 10 20 50 100
4-7 Pendulum Thermal noise with vertical noise contribution in the case the viscous damping is negligible. The two

cases correspond to the two different marionette quality factor (102-103)

124
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10724 |

1 Qmaria o 102’ Qmirrur = 103’ Qfm = 10d
|| — anario = 103! Q-n-:irr('.'r = 108? Qrm =10°

4-8 Pendulum Thermal noise in the case the viscous damping is comparable with internal los
correspond to the two different marionette quality factor (10>-10°)

5 10

) He
100

ses. The two cases

The overall curve gives quantitative results similar to what it has been illustrated in the previous paragraphs, but with
the presence of the vertical thermal peeks.
In figure 4-9 is shown a comparison between the overall thermal noise in the case the viscous losses on the mirror are
negligible, and the case in which there is still viscous damping giving a quality facto of 10° on the mirror. The
difference is evident in the off-resonance high frequency range by giving a change in the slope after 10 Hz related to the
different frequency behavior in of the mirror quality factor as it is shown in figure 4-10.
The quality factors of the normal modes (at the resonances), for these two case are:

Qunaric=10"-10", Qunirror=10"",Qrn=10000 | Qunario=10"-10°,Quuirror=10",Qrn=10000
Q. (v.=0.322 Hz) 530-1773 178-1773
Qo(vo=0.597 Hz) 130000 130000
Q.(v.=0.871 Hz) 900-2900 300-2900
Q. vertical (v.=0.298 Hz) 130-1300 130-1300
Qo vertical (vo=12.3 Hz) 4800-5200 4800-5200
Q. vertical (v.=17.9 Hz) 1100-1200 1100-1200
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4-9 Comparison between the case in which an overall viscous‘damping is dominant (red curve) and the case in
which the viscous damping on the suspension in negligible (black curve). The slope above 10 Hz is considerably
different for the red curve.
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4-10 Mirror pendulum quélity factor vs frequency. Comparison between the cases with negligible viscous damping
(black curve) and presence of a viscous damping (red curve). The change of slope in the red curve, explains the
behavior of the thermal noise in the red curve of the figure 4-9.

4.3.3. The Normal condition.

In the following it is shown an example of the thermal noise in the normal case in which the uncoupled quality factors
fully satisfy the conditions (74).
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= Totalsingle-pendulum{with-vertical: modes}
Total branched pendulum

Normal condition
Q,;=789000
4 Q,=Q,=10°

4-11 Thermal noise of the pendulum branched system compared with the simple pendulum , thermal noise in the
normal mode condition (with vertical modes). The thermal noise of the branched suspension is identical to that one
of the simple pendulum in the off-resonance high frequency zone.

This the ideal case in which all the quality factors are quite equal and in the off-resonance high frequency zone the
thermal noise of the branched suspension observed by the mirror coordinate, is identical to that one of the mirror one.
This is consistent with the normal mode definition.

5. Conclusions |

In this paper we have calculated the thermal noise of the mirror last stage suspension which includes the marionette and
the reaction mass. We have used three different approaches which lead all to the same results.

In the off-resonance high frequency region, the mechanical losses of the reaction mass and mainly of the marionette
suspension can give non negligible contributions which induce the overall thermal noise curve to be different from the
simple mirror curve even in the sensitivity bandwidth of the interferometer. This effect become more evident as soon as
the mass of the mirror is more similar to that one of the marionette, and as soon as the mirror pendulum losses are
further reduced. For these reasons the use of the overall thermal noise curve is crucial to give the correct evaluation of
the design sensitivity of the Virgo+ and Virgo Advanced detectors in the low frequency regions of their bandwidth.
Moreover this estimation can be helpful for the optimization of the last stage suspension design.
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6. On the quality factor of the marionette of the last stage suspension for the monolithic payload

From the results of the new calculation on the thermal noise of the last stage suspension, it turns out that the effect of
the losses of the first oscillator in the branched chain can spoil the sensitivity of the interferometer.

As a consequence the evaluation of the losses of such an element, the marionette, is crucial for the correct evaluation of
sensitivity curve.

The measurements we can deal with so far, come from a set of data taken on the payload hung to the SA. However
these kind of measurements can be helpful to set a lower limit of the losses of the marionette, as it is influenced by the
upper part of the SA chain.

Another set of measurement is performed on the last suspension system of the monolithic payload which are presently
suspended in air, in the laboratory at 1500W.

6.1. The measurements

All these measurements give informations on the quality factors of the payload normal modes. Then, from these data
we can Yyield the quality factors of the uncoupled oscillators by using the relationships calculated from the normal mode
treatment.

6.1.1. Onthe SA chain

Set up

Mmirror = 21 Kg Lnir=0.7m Omir = 0.2 mm Steel C85

M =59 kg Lim =0.7m dm = 0.6 mm Steel C85

M mario = 110 kg Liario = 1.125 m Omario = 1.85 mm Maraging Steel
Meas Data Freq. (Hz) Calculated Calculated

Q_ 50 V_ 0.446 Qmario 30 Q 52

Qo 10°>-2 10° Vo 0.6 Qhmirror 10°-10’ Qo 10°>-1.8 10°

Q. 80 A 0.979 Qm >10' Q. 90

Q- vert V_ vert 0.3 Qmario 30-50 Q vert

QO vert Vo vert 4.17 Qmirror >1O7 QO vert

Qu vert 2000-3000 Viverr | 145 Qm >10" Qi vert 1936-3000

6.1.2.  On the Virgo+ monolithic payload

Set up
Mirror = 21 Kg Limir = 0.695 m Omir = 0.285 mm FS
M =33 kg Lim =0.695m & = 0.6 mm Steel C85
M mario = 115 kg Lmario = 1.130 m mario = 1.85 mm Maraging Steel
Meas Frequencies Calculated Calculated
Data
Q. 600 v_ 0.421 Hz Qmario 1000 Q. 622
Qo 160 Vo 0.598 Hz Qnmirror 200 Qo 200
Q. 220 v, 0.842 Hz Qm 220 Q- 200
Q- vert 950 V_vert 5.316 Hz Qnmario 900 Q. vert 960
QO vert 900 Vo vert 8.746 Hz Qmirror 1300 QO vert 947
Q- vert 950 Vi vert 19.95 Hz Qm 1500 Q- vert 924

Virgo+ thermal noise evaluation:
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Figure 12 Vi rgo+- thermal noise with Qmario=1000, Q;m>10°, Qun>10° (red) compafed With Qmario=300, Qrm>10°,
Qm>10° (blue) and without viscous losses (green)

6.2. Conclusions 11

From the measurements of the normal modes quality factors we can preliminarily set a lower limit to the marionette
quality factor which is 1000. This factor, is measured on the monolithic suspension setup, in air and without the
presence of the filter 7. The result suggests that it is possible to increase the quality factor of the marionette when it is
mounted on the SA chain, by trying to improve the its coupling to the filter 7. Further investigations are needed for
better understand this aspect.
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