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1 Introduction

One of the key features of the ELiTES program is research related to the cryogenic
operation of optical components and its benefits for both current and future gravitational
wave (GW) detectors. Within different exchange periods, various material properties in
addition to basic thermal noise issues have been studied, with many new results being
obtained for the GW community, e.g. mechanical loss of coatings [1–6] and bulk materials
[7, 8], thermal properties of suspension elements [9] or steps towards the assembling of
possible cryogenic suspensions [10] and bonding techniques [11].

The following report will summarize the activities regarding estimates and a comparison
of mirror thermal noise of optics based on sapphire and silicon.
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2 Thermal noise in optical

components

In an interferometric gravitational wave detector, the positions of the end mirrors are
monitored through use of a laser. The laser beams probe the mirror surface according to
their intensity profile which is typically TEM00

1 (see fig. 2.1). Thermal fluctuations of the
surface of the mirror will therefore cause a phase noise in the reflected laser beam. Due
to the profile of the laser beam, thermal fluctuations of the center parts of the surface will
have a stronger influence onto the thermal noise sensed by the laser, because the intensity
of the beam is highest there.

Figure 2.1: Gaussian read-out of the surface position of a test mass in an interferometric
gravitational wave detector.

Phase fluctuations of the reflected light can be caused (or driven) by various different
processes which are summarized here. The first noise arises from thermal fluctuations
of the atoms of the mirror. This noise is called Brownian thermal noise and is given

1Other beam shapes have been proposed and are under investigation as well to further reduce thermal
noise, see e.g. [12–15].
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by [16–20]:

Sbulk
x (f, T ) =

2kBT

π3/2f

1− σ2

wY
φbulk (2.1)

with the beam radius w, the Young’s modulus and Poisson ratio of Y and σ and the
mechanical loss of the bulk material φbulk. This result is valid for a semi-infinite size of
mirror (or a small laser beam compared to the mirror size). A refined model for finite-
sized mirrors is given by [19] and typically results in a correction factor in the order of a
few percent.

The coating also contributes to Brownian thermal noise of the test mass as it is directly
applied to the front surface of the test mass and thus is in direct interaction with the laser
beam. The thermal noise contribution of the coating layer was calculated by [20]:
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where unprimed symbols indicate the bulk properties and primed ones the coating. Two
different mechanical losses have been introduced for strains parallel and perpendicular to
the coating surface. Again this estimation is valid if the test mass size is much larger than
the beam diameter. Corrections for finite test masses are again in the percent region for
a typical test mass of a GW detector and will be neglected here.

Another source of noise comes from fluctuations of the temperature in the different
locations of the test mass that couple into the read-out via the material properties. As
an example, in the case of the so-called thermo-elastic noise, temperature fluctuations
lead to local expansion or contraction of the test mass by means of the coefficient of
thermal expansion. Another related noise is thermo-refractive, where the coupling from
temperature fluctuations into phase noise is linked through the temperature dependence
of the refractive index. This effect is only relevant for parts where laser light of the read-
out penetrates material, e.g. in the beam splitter, the input test mass or the first few
coating layers of the end test mass. Since both thermo-elastic and thermo-refractive noise
originate from the same process (the temperature fluctuation) they are correlated. A full
treatment of both effects in coatings leads to the so called thermo-optic noise which was
treated in [21, 22] and can lead to a lower total noise than the uncorrelated sum of both
processes.

Again, these effects can occur in both the bulk material as well as the coating. Thermo-
elastic noise for a semi-infinite test mass is given by [18]:

Sbulk
TE (f, T ) =

4

π5/2f 2

α2κ(1 + σ)kBT
2

(ρC)2w3
(2.3)
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with the thermal conductivity κ, the heat capacity C and mass density ρ of the bulk
material. The correction for finite-sized samples is given by [19]. Additionally, the given
result is only valid if the thermal fluctuation does not spread over a larger spot than the
beam diameter during the time 1/f . This especially occurs in highly conductive materials
at low temperatures and low frequencies. A solution for this case is given by [23]:

Sbulk
TE (f, T ) =

4√
π
α2(1 + σ)2kBT

2w

ρCa2
× J (Ω) (2.4)

with the thermal diffusivity a2 = κ/(ρC) and the parameter Ω = 2πf/ωc where ωc =

2a2/w2. The frequency dependent part of eq. (2.4) is given by:

J(Ω) =

√
2

π3

∫ +∞

0
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∫ +∞

−∞
dv

u3e−u
2/2

(u2 + v2) [(u2 + v2)2 + Ω2]
. (2.5)

This integral can be computed numerically. This task is straightforward but time con-
suming due to convergence issues. It can be shown [24] that eq. (2.5) can be rewritten in
an analytical form:

J(Ω) = <

{
eiΩ/2(1− iΩ)
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[√
Ω(1 + i)

2

]
− 1

)}
+

1
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−
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πΩ3
. (2.6)

Erf(...) is the error function and <(...) the real part. This analytical function can be
easier calculated as the initial integral.

Thermo-optic noise in coating materials is much smaller than the Brownian noise of the
coating material [21,22,25] and is thus not taken into account in this treatment. Also, as
we are comparing end test masses here bulk thermo-refractive noise is omitted.

A summary of all noise sources with a focus on coatings can be found in [25].
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3 Investigations of the mechanical

loss

Following the treatment above, it becomes clear that the mechanical loss of bulk materials
φbulk as well as the coatings φcoat must be carefully evaluated as it gives direct rise to
Brownian thermal noise which will limit the ultimate GW detector sensitivity [2,7]. While
ideal elastic materials show an instantaneous reaction, anelastic materials exhibit a time
dependence and thus a phase lag between stress and strain which is the mechanical loss
angle φ. The following two sections will summarize the current status of the investigation
of these losses which are of direct relevance to the ELiTES project.

3.1 Mechanical loss of bulk and coating materials

3.1.1 Investigations of the mechanical loss of silicon and sapphire

The mechanical loss is equivalent to the rate of energy dissipation within a material. Note
that external losses, such as gas damping, can also contribute and therefore have to be
minimized for the experiment. By recording the free amplitude ring down τ of the spec-
imens resonant vibration at a certain resonant frequency f0 one obtains the mechanical
loss via:

φ =
1

πf0τ
. (3.1)

Silicon and sapphire bulk samples of cylindrical shape have been measured in a tem-
perature range of 5K up to 300K and were suspended by a single loop of tungsten wire in
vacuum. Sapphire samples with different surface qualities of ground, inspection polished
as well as optical polished were investigated. There it was found that a flat and smooth
polished surface allows for the lowest losses while a rougher surface results in higher losses.

Two sapphire samples have been investigated within the framwork of ELiTES. One
pure sample and one sample that was contaminated with chromium. These samples gave
mechanical losses of 3 × 10−9 at 10K and 1 × 10−8 at 20K and about 1 × 10−7 at room

7



0 25 50 75 100 125 150 175 200 225 250 275 300
10

−10

10
−9

10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

temperature (K)

m
ec

ha
ni

ca
l l

os
s

 

 
sapphire (ground)
sapphire (inspection)
sapphire (polished)
Si (low shear)
Si (high shear)

Figure 3.1: The mechanical loss of silicon and sapphire. Below 20K both materials have
a loss equal or lower than 10−8. Due to shear energy in the modes used silicon
exhibits a loss peak around 120K. The surface quality of the samples has a
large influence on the measured losses.

temperature. The effect of impurities was investigated using the chromium containing
sample. At cryogenic temperatures around 30K a peak in the loss of pure and doped
sapphire was observed and assigned to loss from phonon-phonon interaction. The related
theory is given by Akhieser and corresponds for data below 80K (for details see [7]).

Several silicon samples with a different doping concentration of phosphorous (n-type)
and boron (p-type) as well as intrinsic material have been under investigation. There, at
10K the loss was found to reach even lower levels of about 2× 10−9 and 4× 10−9 at 20K
for almost all samples. Also, at 300K it is low and reaching 8×10−9. Further a thermally
activated loss peak around 120K has been correlated to the amount of shear energy in a
resonant vibration. While at this temperature the loss is increased by nearly one order of
magnitude at low temperatures the same results can be obtained.

Fig. 3.1 summarizes these results comparing different sapphire and silicon samples. The
quality of the surface strongly influences the measured mechanical loss. In the case of
silicon a loss peak at 120K was observed that is strongly dependent on the amount of
shear energy of the mode that is used for measurement. An additional correlation with
intrinsic oxygen defects is currently done.
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3.1.2 Investigations of the mechanical loss of tantala and silica

Early research into coating materials for interferometric gravitational wave detectors was
focussed on designing silica/tantala multilayer stacks, optimised to have very low optical
absorption at 1064 nm. These coatings were ion-beam sputtered (IBS), due to their good
adhesion, density, low levels of impurities and lower optical absorption and then typically
annealed at 450-550 ◦C to further reduce optical absorption [25]. Mechanical dissipation
of such coatings is a significant source of thermal noise in interferometric gravitational
wave detectors. Investigations revealed that the multilayer coating loss was predominantly
due to losses in the high index tantala coating layers. The losses of the tantala and silica
components were found to be (4.4±0.2)×10−4 and (0.5±0.3)×10−4 respectively [26]. The
combined dissipation of a silica/tantala multilayer was then found to be 2−4×10−4 [20,27].
With mechanical losses of bulk silica measured as low as 1 × 10−9 [28], these higher
mechanical losses, in addition to the location of the coatings with respect to the probing
laser beam, make the thermal noise associated with mirror coatings significantly higher
than the substrate thermal noise.

Several studies have been undertaken to reduce the coating mechanical loss without
adversely affecting the optical properties. Doping the tantala layers with titania showed
a significant reduction in the coating loss at room temperature. Studies of coatings
deposited with increasing percentages of titania doping, by LMA in Lyon, were made
with the largest reduction in coating loss (∼ 40%) observed with a titania concentration
of 22.5% [29,30]. Coatings sputtered by CSIRO with 15% titania showed a similar level in
the reduction of loss [30]. Variations in the levels of loss of coatings produced by different
vendors have been observed, suggesting sputtering parameters, often proprietary, have a
significant effect on the coating loss. A similar reduction in the loss has been observed
though the majority of the 10-300K temperature range [31].

Studies of the temperature dependence of the dissipation of mirror coating materials,
[31–33] will allow the coating thermal noise to be estimated at low temperatures. In
addition, any observed temperature dependences give insights into the underlying loss
mechanisms [34]. Loss temperature dissipation peaks have been observed in tantala and
detailed studies of the effect of heat-treatment on the temperature dependence of the loss
of tantala have been carried out [2]. Measurements have shown that titania doping may
reduce the activation energy of the dissipation peak at 20K [31]. Studies of alternative
dopants have been carried out, however titania, to date, is the only dopant found to
reduce both the mechanical loss and optical absorption [35].

A dissipation peak (∼ 20K) has been obverved on a single layer of IBS silica [36]; a
similar magnitude to that measured on tantala. Therefore for a multilayer silica/tantala
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coating it is expected that both of the coating materials will make a significant contribu-
tion to the total coating loss at cryogenic temperatures. The loss peak observed in a 1µm
thick IBS silica coating heat-treated at 600 ◦C is at a significantly lower temperature than
the well-known dissipation peak in bulk silica, which may imply a different microscopic
dissipation mechanism is responsible for the peak [36].

Mechanical loss measurements of an Advanced LIGO silica/titania-doped tantala coat-
ing stack applied to a silicon cantilever has been studied between 10 and 300K [37] show
a low-temperature loss peak. However, the temperature of the loss peak is somewhat
higher than would be predicted by the single-layer measurements detailed above, possibly
due to slightly differing heat treatments and doping concentrations between the various
coatings.

Loss measurements on silica/tantala multilayer coating deposited at NAOJ on a sap-
phire disc show no evidence of a sharp peak in the coating loss for an as-deposited coating,
while a coating heat-treated at 500 ◦C did show a loss peak at 28K; matching both the
position and magnitude of the loss peak of the Advanced LIGO coating [1].
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4 Thermal noise of silicon and

sapphire based mirrors

4.1 Parameter overview

This section will give an overview of the material parameters that will be used in the
thermal noise estimates for sapphire and silicon based mirrors.

4.1.1 Design parameters of the optics for KAGRA and ET-LF

The geometrical as well as the optical parameters that will be used in the thermal noise
estimates are summarised in tab. 4.1. In case of the silicon-based mirror the orientation
of the silicon bulk material was chosen to be Si(100). This orientation has the best
possible matching of the Young’s modulus to the coating and will thus lead to a minimum
contribution of thermal noise. However, this choice needs to be carefully reviewed once
the quality of the silicon and the level of noise of the coatings is known. Some remarks
on the choice of the crystal orientation of a silicon sample is made in section 4.3.

Table 4.1: Geometrical and optical parameters of KAGRA and ET used for thermal noise
estimates.

KAGRA [38] ET-LF [39]

material sapphire silicon
orientation c-axis [100]
wavelength (nm) 1064 1550
diameter (mm) 220 450
thickness (mm) 150 450
beam radius (mm) 40 90

11



4.1.2 Material properties

The relevant material properties in order to investigate the mirror thermal noise of a
silicon- and sapphire-based mirror have been studied within the ELiTES project during
the last years. Several reports and publications on bulk properties [7,8] as well as coating
materials [1, 2] have been produced. Table 4.2 summarizes the relevant parameters for
the materials required for the estimates in this report.

Table 4.2: Material properties of bulk and coating materials used for thermal noise esti-
mates for a KAGRA and an ET mirror. All parameters are given for a oper-
ational temperature 20K. The parameters given for the coating are averaged
values based on material properties given in tab. 4.3 except the mechanical loss.

sapphire silicon coating unit

density 3980 [8] 2330 [8] 3550 kg/m3

heat capacity 0.8 [8] 3.4 [8] 20 J/kg K
thermal cond. 15700 [8] 4940 [8] 0.2 W/m K
thermal expans. 6×10−9 [8] -3×10−9 [8] -1.8×10−6 1/K
Youngs modulus 400 130 [40] 96 GPa
Poisson ratio 0.2 0.23 0.19
mech. loss 10−8 2×10−9 7× 10−4 [1, 37]

In order to estimate the averaged coating parameters a certain coating design needs
to be assumed. So far, there has not been a final decision on both - KAGRA and ET -
so a coating similar to the aLIGO coating which is currently well characterised [37] will
be assumed. Measurements of a multilayer coating in Japan revealed similar losses at
20K [1] although being manufactured by a different vendor.

Although both detectors are operating at different wavelengths, the evaluation of the
coatings and their properties can be done in one step as changing the wavelength gives
a proportional change of values that cancels during averaging. All values for 1550 nm
have been obtained by adapting the layer thickness to the new wavelength and refractive
indices. Small corrections due to dispersion have been neglected here. The thermal
parameters are obtained at room temperature from [41]. Assuming a similar temperature
dependence of the glassy coating materials as silica the data was then estimated for low
temperatures.

The averaging procedure for the multilayer coating follows [41] defining first a volume
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Table 4.3: Coating parameters used to obtain the averaged values given in tab. 4.2. All
parameters are given for 20K except the refractive indices and the mass density
which are assumed to be temperature independent.

tantala silica unit

density 6000 [2] 2200 kg/m3

total thickness 1064 nm 2.1 [37] 3.8 [37] µm

1550 nm 3.1 5.6 µm

refractive index 1064 nm 2.0962 [42] 1.4496 [43]
1550 nm 2.0856 [42] 1.4440 [43]

Youngs modulus 140 [2] 72 [2] GPa
Poisson ratio 0.23 [2] 0.17 [2]
heat capacity 300K 306 [41] 738 [44] J/kg K

20K 10.4 25.2 [44] J/kg K
thermal cond. 300K 33 [41] 1.38 [41] W/m K

20K 3.1 0.13 [45] W/m K
thermal expans. 300K 3.6×10−6 [41] 5.1×10−7 [41] 1/K

20K -4.1×10−6 -5.8×10−7 [46] 1/K

averaging operator:

〈X〉avg =
ta

ta + tb
Xa +

tb
ta + tb

Xb. (4.1)

ta and tb are the total thicknesses of the coating layer a and b and X is the property to
be averaged over the volume. Following [41] the thermal properties are given by:

Ccoating = 〈C〉avg (4.2)

1/κcoating = 〈1/κ〉avg (4.3)

(4.4)

using the defined averaging operator. The obtained values are presented in tab. 4.2.

4.2 Thermal noise of a silicon- and sapphire-based

mirrors

Based on the thermal noise theory, as well as the material parameters and geometry of
KAGRA and ET given in the previous sections, it is possible to estimate the mirror
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thermal noise for a silicon- and sapphire-based mirror. In fig. 4.1 and fig. 4.2 a direct
comparison of the different noise sources of such a mirror is given.
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Figure 4.1: Comparison of the most important noise sources in a sapphire-based mirror
for KAGRA.

In both cases the Brownian coating thermal noise dominates the total mirror thermal
noise throughout the frequency range from 1Hz up to 10 kHz. The bulk Brownian noise is
comparable in both cases. Bulk thermo-elastic noise is slightly higher than bulk Brownian
noise for sapphire above 200Hz but also never exceeds the coatings Brownian noise. Due
to the larger beam diameter the overall thermal noise of the ET-LF mirror is smaller than
the KAGRA mirror.

4.3 Crystal orientation of a silicon-based mirror

The choice of the optimum orientation of the bulk silicon material depends on different
aspects. First of all, the crystal orientation strongly influences the mechanical loss. As
shown in fig. 3.1 some intrinsic defects in silicon are very sensitive to the crystal alignment
and the excitation of modes having different shear energy contributions. The origin of
this behaviour is an intrinsic defect symmetry that leads to dissipation processes and thus
an increased mechanical loss at certain temperatures. In the presented case a loss process
around 125K is observed and results in a large measured mechanical loss of a mode is
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Figure 4.2: Comparison of the most important noise sources in a silicon-based mirror for
the Einstein Telescope.

used that has a large amount of shear energy. This process can be linked to interstitial
oxygen in silicon that is present from the growing process (in this case Czochralski, see
for details e.g. [7]). Thus, in silicon samples having a large amount of interstitially bound
oxygen an orientation is to be chosen that avoids an activation of this defect. A more
detailed treatment reveals that Si(100) is a suitable choice in such a case.

A second influence arises from the orientation dependence of the Young’s modulus.
Si(100) has the smallest, Si(111) the largest Young’s modulus amongst all other orien-
tations [40]. Brownian thermal noise of the bulk sample is dependent on the Young’s
modulus regarding eq. (2.1) and thus Si(111) would result in the minimum bulk Brownain
noise.

The third (and in this report used) influence dominates the other effects if coatings
Brownian noise is the leading noise term. In this case, the bulk’s Young’s modulus should
match the coating’s Young’s modulus as good as possible (see eq. (2.2)) to minimize
coating as well as bulk Brownian noise.
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5 Summary

Two example mirrors have been compared in this report. One is sapphire-based and
its parameters or similar to the ones used for the KAGRA detectors. The other mirror
is identical to the proposed ET-LF mirror. The operational temperature was chosen
to be 20K in both cases. The thermal noise behaviour of both mirrors is comparable
and is limited by the Brownian thermal noise of the coatings with originates from the
mechanical losses of the constituting materials for the thin layers, in this case silica and
tantala. Any improvement of these coatings (e.g. by means of better designs [47], novel
coatings techniques [3,4], alternative coatings based on microstructured surfaces [48,49]or
crystalline materials [50, 51]) will directly translate through to a significant reduction of
the overall thermal noise and thus increase the sensitivity of the detector. If the coating
thermal noise is lowered by any of these or other novel techniques the choice of the crystal
orientation of the bulk material needs to be reviewed regarding its Young’s modulus,
dissipation mechanisms and coating matching.

Within the ELiTES program, novel findings regarding the mechanical loss behaviour
of the coating materials [1] as well as the bulk materials [7] have been investigated and
quantified. The findings presented within this report provide fundamental understanding
on future research activities within KAGRA (Japan) and ET (Europe) in order to improve
future GW detector sensitivities.
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