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1 Introduction

It is well known that for a Fabry-Perot cavity formed by two mirrors (linear configuration), the
transverse vertical and horizontal modes have the same resonance frequency: they are degenerate. If
rn and n are respectively the mode numbers in the vertical and horizontal directions, the frequency of
the mode (rn, n) depends on the sum m + n. If the cavity has an odd number of mirrors, the modes
with an odd mode number relative to the the ring plane are not degenerate with the modes having
the same mode number relative to the plane perpendicular to the ring

In this note we show how this degeneracy breaking arises, and the measurements performed in two
different 3-mirrors ring cavities used in VIRGO: the 30 cm reference cavity and the 30 m suspended
input mode — cleaner prototype. The last paragraph of this note presents how to take in account this
effect in the configuration design of a ring cavity in order to avoid mode accidental degeneracy.

2 Theory

Let’s consider a linear Fabry-Perot cavity. The resonance frequency of the mode TEMW, is given
imposing the auto-consistency of the electric field: the phase shift for a round trip has to be equal to
a multiple of 2rr

Zkd — 2(m + n + 1)arccos\/(1 — (1 — = 2rrq (1)

where k is the wave number, d is the cavity length (and then 2d is the cavity round trip length),
R1 and R2 are the two mirror radii of curvature, and q is an integer. Then:

1/ 1 cl d_: _ ___ __ 2I/O q + 7_('rn +n +1)arcc0s\/(1 R1) (1 R2) ( )

where 1/0 is the free spectral range (FSR) of the cavity (1/0 = The frequency difference
between a mode TEMmn and a mode TEMOO is then:

53%] : (m + n)%arcc0s\/<1 — <1 — (3)

Now let’s analyse the propagation of a TEMTM, beam inside a triangular cavity. For simplicity we
will suppose that the beam is linearly "5" polarised (the same discussion in true for the "p" polarisa-
tion). We will note horizontal the planes parallel to the ring, and vertical the planes perpendicular
to the ring. The first mode number refers always to the horizontal plane and the second mode number
to the vertical plane.

The auto-consistency equation for a beam which propagates in the cavity plane with a field dis-
tribution horizontally symmetric with respect to the optical axis is written as:

/ d
Zkd — 2(rn + n + 1)arcc0s 1 — E = 2rrq (4)

(for simplicity we’ve chosen only one curved mirror)
This is the case of the TEM horizontally even modes: TEMm,n with rn even.
Then:

A EVEN 1 d
—L———=q+—(rn+n+l)arcc0s 1—— (5)

1/0 7T R
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Figure 1: The odd modes are anti-symmetric to respect with the optical axis. The horizontally even
modes are symmetric

A beam with a field distribution horizontally anti-symmetric with respect to the optical axis takes
a geometrical rr phase shift after a round trip (see fig. 2 and fig.1), then we have to include this phase
shift in the auto-consistency equation:

d
1r+2l<;d—2(m+n+1)arccos(/1-— E = 21rq (6)

This is the case of the TEM horizontally odd modes: TEMW, with rn odd.
Then:

A1/ODD 1 1 / di_ : _ _ 1 1 _ _V0 2 + q + Tr (m + n + )arcc0s R (7)

(see fig. 2 and fig.1)
The difference between an horizontally odd mode and the TEM00 is given by:

A ODD 1 1 d
—l/T— = -5-!-;t(m+n)arcc0.s(/1- E (8)

and the difference between an horizontally even mode and the TEM00 is:

AVEVEN 1 d

T- (m + n);arccos(/1 — E (9)

Then there are two different patterns of modes: a normal one, for the horizontally even modes,
and a pattern shifted of one half FSR to respect to the first, for the horizontally odd modes. The
resulting spectrum (for the first 3+3 modes, and d/L z 0.2 ), is given in fig. 3.

This discussion can be extended easily to a ring cavity with an odd number of mirrors.

3 Measurements: reference cavity

The following measurements are obtained sweeping the laser frequency and looking at the transmission
of the reference cavity with a photodiode and a CCD camera in order to identify the modes. If the
alignment is perfect only the TEM00 resonates. When we misalign the input beam a TEM01 or a
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Figure 3: Mode spectrum of a ring triangular cavity for d/R 2 0.2
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TEM10 can resonate. We can calibrate the frequency scale using a 6.25MHz modulation (we can see
the two sidebands around the TEZVIOQ), and assuming that the frequency sweep is linear. From fig. 4
we observe that for a vertical misalignment a TEM01 appears, with a frequency:

Al/T]__j]\401__TE]\/[00 I

When we misalign horizontally the cavity the TEM10 doesn’t appear at the same frequency, but
at:

AI/TE]\/[10_TE]\/[00 I —102MHZ

Considering that the FSR of the cavity is 475 MHz, we expect a theoretical value for ATEM1O_TEMOO:

1A1/$§M10_TEMOO = -5 - 475 +126 = —111.5MHz
The error between the expected value (-102) and the theoretical one (-111.5) is probably due to

the non linearity of the sweep (we can observe the non-linearity of the sweep looking at the distance
between the carrier and the sidebands for the two modes O0 and 01. This distance is not the same)

4 Measurements: mode-cleaner cavity

The following measurements are obtained sweeping the laser frequency and looking at the transmission
of the mode — cleaner cavity. In this case the alignment is imperfect in both vertical and horizontal
direction, and we can easily see several modes. In this case we don’t have a clear identification of
the peaks with a CCD camera, as with the reference cavity, because of the seismic excitation, which
sweeps the cavity length over some FSR (we identify only the TEMQ1 peak).

Moreover the distances between the modes and the overall spectrum reconstruction agree with the
model (see fig. 5)

5 Accidental mode degeneracy of a ring cavity

We recall that, with a linear cavity, in order to avoid accidental mode degeneracy, the ratio d/R must
not satisfy the following relation:

/ d
(rn + n)arcc0s 1 — E = integer numbers (10)

For a ring cavity with an odd number of mirrors, we have seen above that there is a second pattern
shifted one half FSR away from the first; then we can deduce easily that in order to avoid accidental
mode degeneracy the ratio d/R must not satisfy also the relation:

d
("In + n)arcc0si /1 — E = half integer numbers (11)

[1] H.Kogelnik and T.Li, “Laser beams and resonators”, Applied Optics 10, 1150 (1966)
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Figure 4: Modes of the reference cavity. The frequency sweeping coefficient is positive: the frequency
increases with the time. The “best alignment” and “horizontal misalignment” spectra are split in two
plots for technical reasons
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Figure 5: Transmission spectrum of the 30 m input mode-cleaner prototype. The thick right lines are
the theoretical values


