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2 Response of the detector to GW’s: long-wavelength approximation 3

1 Introduction

The intial Virgo and LIGO h(t) reconstructions are based on two important approximations: on
one hand, the interferometer is assumed to have a size negligible with respect to the wavelength
of the gravitational waves (long wavelength approximation) and on the other hand, the optical
response of the arm Fabry-Perot cavities is approximated by a simple pole. Both approximations
have non negligible errors compared to the calibration uncertainties, but the errors closely
cancels when combining both, and the final {calibration + analysis} errors are quite small.

In this note, the two approximations are first described independently and the errors due to
each approximation are estimated. Then the errors introduced when combining both approxi-
mation are estimated. Finally, some ideas about the use of these approximations for advanced
detectors are given.

Other documents about similar topics can be found in [1, 2, 3, 4].

2 Response of the detector to GW’s: long-wavelength ap-
proximation

The response of the interferometer to GW’s is called the antenna response. It depends on the
frequency of the GW and of the direction of the GW source with respect to the detector. Being
dependeng on the source direction, this response cannot be included in the calibration and h(t)
reconstruction, but is taken into account in the different data analysis pipelines.

In the long-wavelength approximation, the frequency dependence is neglected and the re-
sponse at f = 0 is used for all frequencies (up to few kHz). In this section, the antenna response
is estimated for a Michelson interferometer with kilometer scale. The presence of Fabry-Perot
cavities in the arm is taken into account in the next section.

Computation of the antenna response, with and without this approximation, have been
described in [2]. The differential arm length induced by the a passing GW is written:

Ṽ (f) = G̃+(~n, f) h̃+(f) + G̃×(~n, f) h̃×(f) (1)

where G̃+(~n, f) and G̃×(~n, f) are the responses of the detector to the two polarizations of the
wave.

In the case of the long wavelength approximation, G̃A(~n, f) is replaced by

FA(~n) = G̃A(~n, 0) (with A = +,×) (2)

G̃A(~n, f) is a complex number while FA(~n) is a real number.

From F+(~n) and F×(~n), one can compute the parameter Rdet(~n) which is proportional to
the range of the interferometer in the direction ~n assuming that the incicent GW wave contains
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4 2 Response of the detector to GW’s: long-wavelength approximation

(a) 0 Hz (long wavelength approximation)
(Virgo)

(b) 10 kHz (maximum Nyquist frequency of
hrec(t)) (Virgo)

(c) 50 kHz (free spectral range of the Fabry-
Perot cavity of Virgo)

Figure 1: Antenna response of an interferometer (3-km long arms) at different frequencies of GWs Left
: response to the + polarization: G+. Centre : response to the × polarization: G×. Right : response
to a GW with both polarizations: Rdet.
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(b) Response G+ in different sky directions, from 0
to 50 kHz (Virgo)

Figure 2: Interferometer antenna response G+(~n, f) as a function of the frequency f of the GW in
different directions around the detector (3-km long arms).

both polarizations with the same amount ι = 0:

Rdet(~n) =

√
1

4
F 2
+(~n)

(
1 + cos2 ι

)2
+ F 2

×(~n) cos
2 ι (3)

=
√
F 2
+(~n) + F 2

×(~n) (4)

The antenna response to the two polarizations in the detector referential, with x and y being
along the interferometer arms, are shown in figure 1(a) for f = 0 (long wavelength approx.). In
3D, only the modulus of G̃A(~n, f) is shown. The responses at 10 kHz nd 50 kHz are also shown
for comparison. The response at 10 kHz is not very different from the one at null frequency;
on the contrary, the response at 50 kHz is very different, both in shape and in amplitude.

The variation of the detector response (amplitude and phase) with frequency f of the GW
is better seen on figure 2 : GA(~n, f) is given as a function of f for some sky directions ~n. The
antenna response varies differently, both in amplitude and in phase, in different sky directions.
Using the long wavelength approximation induces errors which depend both on the frequency
and on the direction of the GW source in the sky with respect to the detector orientation.

In order to estimate the errors in all the directions due to the long wavelength approxima-
tion, the antenna response (module and phase) are represented in 2D in the plane (θ, φ) (θ is
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6 2 Response of the detector to GW’s: long-wavelength approximation

(a) Antenna response at f = 0, as a function of the sky direction (Virgo)

(b) Difference between the antenna responses at 2 kHz and 0 kHz, as a function of the sky direction (Virgo)

(c) Difference between the antenna responses at 10 kHz and 0 kHz, as a function of the sky direction (Virgo)

Figure 3: Comparison of the antenna responses at 2 kHz and 10 kHz with the response at f = 0 as a
function of the sky direction (θ, φ) for an interferometer with 3-km long arms. The antenna response
at f = 0 is given in the first line. The other two lines give the residuals between the response at 2 kHz
(resp. 10 kHz) and the response at f = 0. Residuals (color scale) are GA(~n,0)−GA(~n,f)

GA(~n,f) for the amplitude
and φ(GA(~n, 0))−φ(GA(~n, f)) for the phase. They are calculated only for the sky directions where the
antenna response is high enough, representing 95% of the observable volume (residuals are set to 0 at
the positions where the detector sensitivity is smaller). Columns 1 and 2: amplitude and phase of G+

; Columns 3 and 4: amplitude and phase of G× ; Column 5: amplitude of Rdet.

the zenithal angle ; φ is the angle between the x axis and the projection of the source onto
the plane (x, y)). In this plane, the difference between the exact response and the approximate
response can also be shown. In the figure 3, the second and third lines show the ratio of the
amplitudes GA(~n,0)−GA(~n,f)

GA(~n,f)
and the phase difference φ(GA(~n, 0))− φ(GA(~n, f)) between the re-

sponse at 2 kHz or 10 kHz and the response at null frequency. The residuals are interesting only
in the sky directions where the detector is sensitive enough to GW’s. A minimum threshold
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2 Response of the detector to GW’s: long-wavelength approximation 7

on the antenna response has been applied in order to show the residuals in 95% of the volume
reachable by the detector1

In amplitude, the residuals are low, between 0.2% and 0.4% at 2 kHz, but increase to
between 7% and 10% at 10 kHz, depending on the source direction.

In phase„ the residuals increase linearly with frequency, with a maximum going from
160 mrad at 2 kHz up to 800 mrad at 10 kHz. Below 10 kHz, this variation is almost lin-
ear (see figure 2). We can thus estimate a delay equivalent to this variation: the errors from
the long-wavelength approximation are between 8µs and 13µs depending on the source direc-
tion. We have to highlight that the positions where this error is maximum are the positions
where the detector sensitivity are the lowest, while the error stays close to 0 in the directions
where the sensitivity is maximum.

For LIGO, with 4-km long arms, the errors from the long wavelength approximation are
slightly higher (see figure 7). The amplitude errors are between 0.4% and 0.6% at 2 kHz and
between 13% and 18% 10 kHz. The timing errors are between 10µs and 18µs depending on
the source direction.

1 thresholds of 0.47, 0.458 and 0.445 for the antenna responses at 0 Hz, 2 kHz and 10 kHz respectively.
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8 3 Optical response of the Fabry-Perot cavities: single-pole approximation

3 Optical response of the Fabry-Perot cavities: single-pole
approximation

Optical responses of the Fabry-Perot cavity to both a passing GW and a moving mirror of the
cavity have been computed in [2].

3.1 Exact optical cavity response

3.1.1 Response to a gravitational wave

The exact response to a GW is described as a function of the GW frequency f by:

C(f) =
1− r1r2

1− r1r2e−j4πfT (5)

where r1 and r2 are the amplitude reflection coefficients of the cavity mirrors, and T = L0

c
where L0 is the cavity length.

3.1.2 Response to the motion of a cavity mirror

In the case of a length variation due to mirror displacements xin et xend, the cavity response is:

V (f) =
2

L0

C(f)
[
e−j2πfTxend(f) − xin(f)

]
(6)

The shape of the optical response is the same than the one to a GW, but with some additional
delay when the end mirror is moving.

3.2 Single-pole approximation

For initial GW detectors, the frequency dependence of the cavity response has been approxi-
mated by a simple pole at fp in the h(t) reconstruction process:

Cpole(f) =
1

1 + j f
fp

(7)

where fp == c
4FL0

and the arm cavity finesse is F =
π
√
r1r2

1−r1r2 .

The Advanced Virgo (F = 450) exact optical response is shown in blue in the figure 4
and the approximation by a simple pole is shown in red. Amplitude and phase residuals are
shown on the right panels. Errors in modulus and phase due to the approximation increase
with frequency, Modulus errors are of 0.5% and 11% at 2 kHz and 10 kHz. The phase error is
proportional to the frequency and is thus equivalent to a delay: using the simple pole introduces
an error of ∼ −13µs.
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3 Optical response of the Fabry-Perot cavities: single-pole approximation 9

Figure 4: Optical response of ac cavity with finesse F = 450 (Advanced Virgo). Left: module and phase
of the exact response (blue) and of the single pole approximation (red). Right: residuals in modulus
and phase of the approximation compared to the exact response.
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10 4 Combination of both approximations

4 Combination of both approximations
The full response of the detector is the combination of both responses to a GW: response of
the optical cavities and response of the interferometer.

In order to extract the errors introduced by the combination in the complete pipeline {cali-
bration + data analysis}, one has to compare the exact response GA(~n, f)C(f) to the approx-
imated response GA(~n, 0)Cpole(f).

In order to compare the combination of both approximations to the exact detector response
to GWs, the following residuals have been computed:

in modulus :
GA(~n, 0)× Cpole(f)−GA(~n, f)× C(f)

GA(~n, f)× C(f)
(8)

in phase : φ

(
GA(~n, f = 0)× Cpole(f)

)
− φ

(
GA(~n, f)× C(f)

)
Such residuals are shown for Advanced Virgo as a function of frequency in figure 5, for some
directions of the GW around the detector. The residuals computed at 2 kHz and 10 kHz are
shown as a function of the sky direction in the figure 6. Since the phase residuals are linear as
a function of frequency, they have been converted into an equivalent delay in this figure.

These results confirm that the errors introduced by the combination of both approximations
are low. In amplitude, the errors stay below 0.1% at 2 kHz and below 2.5% at 10 kHz. In
phase, the errors converted into a delay are in the range ±3µs depending on the sky direction
around the detector.

For Advanced LIGO (see figure 8), the amplitude errors stay below 0.2% at 2 kHz and below
4.5% at 10 kHz ; In phase, the errors converted into a delay are in the range ±4µs depending
on the sky direction around the detector.
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Figure 5: Comparison of the combination of both approximations with the exact response for Advanced
Virgo: the residuals (see definition in equation 8) as a function of the frequency for some sky directions
(θ, φ).
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(a) Difference between the full responses at 2 kHz and 0 Hz, as a function of the sky direction (AdV)
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(b) Difference between the full responses at 10 kHz and 0 Hz, as a function of the sky direction (AdV)

Figure 6: Comparisons of the combination {antenna response × response of optical cavities} at 2 kHz
and 10 kHz with the combination {antenna response at f = 0 × simple pole} as a function of
the direction in the sky (θ, φ) (case of Advanced Virgo). Each line gives the residuals between the
response at 2 kHz (resp. 10 kHz) and the response at f = 0. The residuals (scale colors) are
GA(~n,0)×Cpole(f)−GA(~n)×C(f)

GA(~n,f)×C(f) for the amplitude and −φ(GA(~n,0)×Cpole(f))−φ(GA(~n,f)×C(f))
2πf for the delay.

They are calculated only for the most sensitive directions, where the antenna response is high enough,
representing 95% of the observable volume (residuals are set to 0 at the positions where the detector
sensitivity is smaller) Columns 1 and 2: amplitude and delay for a wave with + polarization ; Columns
3 and 4: amplitude and delay for a wave with × polarization ; Column 5: amplitude of Rdet.
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5 My conclusions about what models to be used for advanced detectors? 13

5 My conclusions about what models to be used for ad-
vanced detectors?

Each approximation induces important errors on the reconstructed h(t) signal, but, fortuitously,
the use of both approximations results in small errors. The errors on the amplitude of h(t)
increase with the frequency but had a very low contribution to the calibration error budget
for initial Virgo and LIGO. The errors on the phase can be approximated by a delay, being in
the range [−3;+3]µs depending on the sky direction. This was not negligible, contributing to
about a third of the timing error budget of the initial detectors. These errors were included in
the calibration systematic uncertainties for the initial detectors.

For advanced detectors, the antenna response are not changed (the arm lengths do not
change), but the optical responses are modified since the finesse of the cavities are higher. The
comparison of the combination of both models up to 10 kHz with the AdVirgo parameters
shown in this note (figure 5) give similar results: the combination of both approximations re-
sults in small errors for AdVirgo also. At 10 kHz, the errors are at maximum 2.5% in amplitude.
Errors in phase/timing are ±3µs (the errors depend on the source direction with respect to
the interferometer).
Advanced LIGO has the same finesse as Advanced Virgo but longer arms. It results is slightly
larger errors due to the approximations: 4.5% in amplitude at 10 kHz and ±4µs in timing.

For advanced detectors, we will have to choose between:

1. using both approximations, as for the initial detectors,

2. using both the exact responses,

3. using both approximations, plus some timing corrections for the residual bias (to be done
in the data analysis pipelines),

4. using the exact cavity response (in the calibration) and the long-wavelength approxima-
tion (in the data analysis).

Option 1 looks a good enough solution and simple to setup in the different pipelines. It
could be extended to option 3 by adding, in the analysis pipelines, small corrections of a few
microseconds in the different h(t) time-series depending on the source direction. Biais due to
the approximations would be lower than 0.2% (4.5%) in amplitude at 2 kHz (10 kHz), and
timing errors lower than 1µs could be easily achieved.

Option 2 would be more elegant, using both exact solutions instead of both approximations.
The use of the exact Fabry-Perot cavity response is quite easy to insert in the calibration
pipelines, but the exact antenna response is probably more difficult to setup in the different
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14 5 My conclusions about what models to be used for advanced detectors?

data analysis pipelines: the h(t) signals from the different detectors should be filtered through
different transfer functions (instead of simple gains) for every detectors and every sky directions.

Option 4, using the exact cavity response and the approximate antenna response, would
result in errors as the one shown in figures 2 and 3. Amplitude errors would not be important
(∼ 0.5%) below 2 kHz, but start being important for higher frequency searches (∼ 10% at
10 kHz). About timing errors, the absolute timing of the h(t) channel would be offset, on
average, by ∼ 10µs for Virgo data and ∼ 14µs for LIGO data. At first order, such average
delays could be pre-corrected for in the h(t) reconstruction pipelines. Additionnaly, as for op-
tion 1, option 4 could be extended by adding, in the analysis pipeline, small corrections of a
few microseconds in the different h(t) time-series depending on the source direction, reducing
the timing bias to below 1µs. But such solution would result in biais larger than with option 1
since the fortuitous cancelation of the amplitude errors would not be effective any more.

Practically, the optical response of the cavity is integrated in the h(t) reconstruction, while
the antenna response is used in the different data analysis pipelines since it depends on the
source direction in the sky. That’s why it is important that the groups taking care of the h(t)
reconstruction on one hand and the search groups on the other hand agree about the use or
not of the two approximations and possible small timing corrections. Moreover, the analysis
being common for Virgo and LIGO, the same models must be used in the (h) reconstruction
and pipelines for all detectors.

As of today, my personal favorite option is the option 3: using both approximations, and
adding small timing corrections for the antenna response as a function of the source direction
for each detector. However, the presence of the signal-recycling cavity was not estimated in
this note. Depending on its effect on the optical response of the detector, some other options
might be chosen.

5.1 Some more remarks

As long as the long wavelength approximation is done, whatever the model used for the cavity
response, the timing errors from the different detectors of the network will have the same
difference (“time of flight”): so they will induce the same results and same errors on the sky
localization. What will change depending on the cavity response model is the absolute timing
of the GW event from the network, but probably ∼ 10µs error is not a big issue.

Using the long-wavelength approximation, errors on the time of flight of a GW event seen in
different detectors are lower than 8µs. Correcting for the direction-dependent few microseconds
bias due to the approximation in the data analysis pipelines would reduce this error and improve
the sky localization. But probably this bias is not currently the limiting factor on the sky
localization.
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A Some plots for the LIGO case 15

A Some plots for the LIGO case
The following plots have been computed for an interferometer with 4-km long arms and a
Fabry-Perot cavity with finesse F = 450.

(a) Antenna response at f = 0, as a function of the sky direction (LIGO)

(b) Difference between the antenna responses at 2 kHz and 0 kHz, as a function of the sky direction (LIGO)

(c) Difference between the antenna responses at 10 kHz and 0 kHz, as a function of the sky direction (LIGO)

Figure 7: Comparison of the antenna responses at 2 kHz and 10 kHz with the response at f = 0 as a
function of the sky direction (θ, φ) for an interferometer with 4-km long arms. The antenna response
at f = 0 is given in the first line. The other two lines give the residuals between the response at 2 kHz
(resp. 10 kHz) and the response at f = 0. Residuals (color scale) are GA(~n,0)−GA(~n,f)

GA(~n,f) for the amplitude
and φ(GA(~n, 0))−φ(GA(~n, f)) for the phase. They are calculated only for the sky directions where the
antenna response is high enough, representing 95% of the observable volume (residuals are set to 0 at
the positions where the detector sensitivity is smaller). Columns 1 and 2: amplitude and phase of G+

; Columns 3 and 4: amplitude and phase of G× ; Column 5: amplitude of Rdet.
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(a) Difference between the full responses at 2 kHz and 0 Hz, as a function of the sky direction (aLIGO)
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(b) Difference between the full responses at 10 kHz and 0 Hz, as a function of the sky direction (aLIGO)

Figure 8: Comparisons of the combination {antenna response × response of optical cavities} at 2 kHz
and 10 kHz with the combination {antenna response at f = 0 × simple pole} as a function of
the direction in the sky (θ, φ) (case of Advanced LIGO). Each line gives the residuals between the
response at 2 kHz (resp. 10 kHz) and the response at f = 0. The residuals (scale colors) are
GA(~n,0)×Cpole(f)−GA(~n)×C(f)

GA(~n,f)×C(f) for the amplitude and −φ(GA(~n,0)×Cpole(f))−φ(GA(~n,f)×C(f))
2πf for the delay.

They are calculated only for the most sensitive directions, where the antenna response is high enough,
representing 95% of the observable volume (residuals are set to 0 at the positions where the detector
sensitivity is smaller) Columns 1 and 2: amplitude and delay for a wave with + polarization ; Columns
3 and 4: amplitude and delay for a wave with × polarization ; Column 5: amplitude of Rdet.
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