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Abstract

The behavior of the beams wavefronts in the different sections of the interferometer
is an important subject for the understanding of the interferometer behavior and
for an efficient compensation of thermal lensing effect. In this note we present the
status of the art of wavefront simulations and measurements. Different approaches

to TCS error signal extraction will be addressed.



Introduction

The behavior of the beams’ wavefronts inside the interferometer is a subject of in-
terest both for the generation of an efficient error signal for Thermal Compensation
System and for the understanding of major features of the present and future de-
tectors. In particular, as it is known, while the carrier typically exhibits a simple
geometrical shape, this is not the case for the sidebands which, not being resonating
in the long arms, are highly affected by the aberrations of the mirrors of the unstable
recycling cavity. Generally the highest perturbations are due to thermal effects on
the input mirrors, and a major effort is being carried on in describing the resulting
sidebands aberrations and designing an efficient TCS to correct them. Long and
interesting works on sidebands behavior have been already carrier out by J. Mar-
que [1] and M. Laval [2], working with the simulation codes Finesse and DarkF,
and interesting results have been obtained especially regarding the possible use of
the Nominal modulation frequency frequency instead of Anderson one. In this note
particular attention will be posed to the phase cameral signals, their dependence
on sidebands aberrarations, and on their possible use as error signal for thermal
compensation. The problem of error signal extraction for TCS will be addressed
and discussed pointing out the points still under discussion. The note is organized
as follows. In section 1 the most important measurements are presented, especially
with respect to thermal transient. Then section 2 is devoted to results of DarkF
and Finesse simulations, some analytical calculations and conclusions. The details
of calcutations are reported in Appendix. The results will be compared with the
relative measurements and in the concluding section they will be used to indicate

the signals presently foreseen as TCS error signals.
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Figura 1: Short-Term and Long-Term carrier and sidebands thermal evolutions. It is noted the
different effect that thermal lensing produces on the Carrier, Upper Sideband and Lower sideband
recycling gains

1 Measurements of geometrical sidebands behavior

1.1 Sidebands gains versus Michelson alignment

The thermal behavior of sidebands gains is reported in figure 1. at the beginning of
the lock Geogrrier = 40, Gsidebands = 30, and after thermal stabilization Gogprier = 41,
Gsigebanas = 11. Note that the final value of sidebands recycling gain is achieved
after a tuning of PRCL which indeed equalizes the powers. The different dependence
of the three powers from the thermal lensing is shown: the carrier is essentially not
affected by the input mirror deformation, the Lower sidebands is quite affected
by the deformation and the Upper sidebands is deeply affected. The explanation
of this effects will be given in the section devoted to DarkF simulations. Once the
interferometer is completely locked and the thermal lensing has reached a stationary
condition the sidebands are equalized by adding suitable off-sets to the length of the
recycling cavity. A consequence of the different behavior of the two sidebands,

which is a clear prove of the (not intuitive) importance of the phase the sidebands



acquire in the long-arms (see in next section), is the dependence of the differential
sidebands power by Michelson alignment. Due to Anderson Technique, a different
reflection law for the sidebands and carrier is the expected, as shown in figure 2.
In particular the Upper sideband and the carrier are reflected backwards, while the
lower sideband follows the usual specular reflection. This different behavior couple

a tilt (of the input beam) with sidebands un-balancing.
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Figura 2: The reflection from a cavity, due to Anderson Technique is different for the two sidebands,
as shown by the first order calculation. The Upper sideband follows the carrier while the Lower
sideband follows the usual reflection law

Measurements have been carried to put in evidence this effect and eventually to
relate it to a search for better alignment condition. The input beam is tilted in theta,

by adding an off-set to a BMS error signal and compensate the induced translation



(read by B5) adding an off-set on the other BMS error signal. We observe the
expected un-balancing of the sidebands that we correct adding an off-set (manually)
on the longitudinal degree of B2. We obtain, as a result, that working with a
negative off-set in theta, the longitudinal off-set needed to balance the sidebands is
lowered ( a good off-set is about -0.7). Working in this new point does not worst the
sensitivity and further experiment should be done to clarify if it gets better: there
is a noise lowering (to be confirmed) in structures due to jitter noise (190 Hz - 206
Hz) that suggests that this working point corresponds to a better alignment and,
in our opinion, that this condition should be further investigated. Working around
this point allows to enhance the region of longitudinal off-sets that can be explored

to search for best locking conditions.
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Figura 3: The region of negative off-set in alignment, once the sidebands unbalancing is corrected by
the off-set on B5, shows a higher sidebands’ gain. Around the value -0.7 the input beam alignment
should be tested to prove the reaching of a better alignment. The not negligible lowering of the
carrier put the interferometer in a lower robust condition.

The sidebands gain is enhanced in this region while the carrier gain lowers so that



finally, working around this positions, lowers the robustness of the interferometer.
A possibility to rise again the carrier gain could be to add an off-set to the CARM
loop, to end with an interferometer with higher sidebands gain and usual carrier
gain. Nonetheless this studies would requires quite long studies and long dedicated
time. The present decision is then to not cure the low sidebands gains by exploring

the (now higher) allowed off-sets region but by directly with the master way of TCS.

1.2 Measurements with the phase camera

The effect of thermal lensing is ubiquitous in Virgo signals. Nonetheless, in the
majority of them, it is superposed to other typical imperfections, like misalignments.
In order to extract a clear error signal to feed the Thermal Compensation System
(TCS) a phase camera have been built. It consists in a pin-hole placed in front of
a photodiode (which let pass a small fraction of the wavefront) and of a scanning
system that allows to span all the wavefront. The analyzed beam is B5 and the
photodiode current is demodulated at the Virgo modulation frequency §2,,, in phase
(This choice is justified later in the note, in the analytical simulation section). The
result of the measurement in cold interferometer are shown in figure 4 where an
astigmatism of the input beam is detected. The amplitude of this astigmatic term is
approximatively the 15/100 of the fundamental mode, in agreement with the 3/100
power value previously measured in transmission through t the arm cavities.

The thermal evolution of the wavefront is represented in figure 5 . During the
transient the astigmatic term decreases and the first Laguerre-Gauss mode, called
defocus, increases and finally remains the dominant term. While the final status of
the wavefront is in very good agreement with the expected one (see section on DarkF

simulation) it remains unclear why the astigmatic term decreases. Unfortunately,
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Figura 4: Phase Camera signal just after lock acquisition. The wavefront is astigmatic

at the moment, DarkF does not allow to enter the interferometer with an aberrated

beam. It is presently planned a suitable analysis with Finesse.
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Figura 5: Left: Thermal evolution of the aberrations of sidebands wavefront. The red curve is the
defocus term, growing as expected due to thermal lensing of input mirrors. Right: Final Status,
showing the relative mode composition at the end of thermal transient.

The final picture of wavefront is reported in figure 6. The mode is practically a
Laguerre-Gauss mode, as expected. The clear dependence of this signal from the

input mirrors radii of curvature variations could make it a suitable error signal for



TCS; in particular we point out that thanks to the work carried out by D. Sentenac,
the modes reconstruction can be done on-line. Nonetheless, at the present, the
decision is to not have the PZT running during Science Mode, because it could be

a source of noise.

Figura 6: iii

For this reason this signal will be used, extensively, only during the tests of TCS,
to measure its efficiency and purity (i.e. to avoid reintroducing other aberration like
astigmatisms). In Science Mode the signal will be built with a bull’eye-equivalent
photodiode system, made of a pin-hole mirror and a couple of photodiode, like in
figure 7, which is sensitive to the first Laguerre-Gauss mode.

The TCS must compensate two mirrors defocus so that, strictly speaking, two
error signal should be provided to for the feed-back. Nonetheless it is still question-
able if there is the real need of two signals, for the mirrors behavior is well known:
they are heated by the same amount of laser light, the relative absorption constants
are well known, the temporal behavior is the same. Furthermore the Ligo experi-

ence shows that a single error signal should be sufficient. The phase camera signal,



Pin-hole mirror
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Figura 7: The pin-hole mirror system: the beam analyzed is B5; the signal is given by the difference
of the two photodiodes, demodulated at €2,,,, and it is proportional to the first Laguerre-Gauss mode

detecting the mean sidebands wavefront with respect to the carrier, is a common
mode signal of the two mirrors defocusing. The best candidate for the differential
is Blpacq, (also used in Ligo when firstly two signals where used) which is the sig-
nature of the not superposition of the sidebands. Presently a final decision on the

second error signal is not be taken; further simulations are expected.

2 Simulations

The fields inside the interferometer have not all an intuitive behavior. Indeed, while
the carrier maintains its shape also in presence of thermal lensing, the sidebands
exhibit a non trivial dependence from interferometer imperfections. For these reason
a careful simulation of the interferometer is mandatory, together with a correct
intuitive description, if possible. As it is known, presently Virgo can be simulated
with two different tools: DarkF and Finesse. The first is a code performing the

diffraction propagation without the use of mode description. For this reason is



very general and can take into account the aberration maps of the optics (i.e. the
point-like measured refraction index and absorption of the mirrors). The complexity
of the simulation method does not allow the simulation of imperfect input beams,
and it cannot take into account interferometer misalignments. Finesse uses the
mode expansion, so it is very flexible and suitable to describe aberrations that not
require a too high order of mode to be described. For these reasons it cannot take
into account the mirror maps but, on the other hand, it can easily describe low
order imperfections like defocus, misalignments and so on. Both codes simulate the
equilibrium state of the light in the interferometer, i.e. they cannot describe light
transients. The simulations of sidebands behavior inside the interferometer has been
object of studies in many respect, not only within the Optical Characterization or
TCS error signal generation. In this attention is pointed out on some description

useful for understanding that behavior and mostly for TCS error signal generation.

2.1 Mode-Cleaning effect of long arms

Extensive studies on thermal effect on the interferometer fields have been carried
out thanks to M. Laval and J. Marque and the results are reported in various talks
and notes. Within this note the progress with respect to previous works regards
a pointing out of the eventual sideband mode cleaning by long arms and a more
detailed simulations of TCS signals. The first effect simply due to the fact that, a
bit contrary to intuition, even if the sidebands are not resonating in the arm cavities,
their behavior is strongly dependent upon the phase acquired in the long arms.

To put in evidence this effect a particular modulation can be taken into account, i.e.
the modulation at the frequency that makes a sideband resonating with the modes

of order two of long arms. In this condition the mode-cleaning effect of the cavity
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is maximum and can be explained in the following way: let us consider a perfect
beam impinging on a mirror whose substrate has been deformed by thermal effcts.
The predominant term is the lens effects that tends to focus the beam before being
reflected from the coated surface. This situation is shown by the following formulas:
let us suppose that the perfect 199 mode field of the sideband ¥;,, of amplitude Ej
is impinging on the input mirror. Due to the lens effect the sideband will be slighlty
focused and, before reflecting on the input mirror reflecting surface, the field ¥;,,,

it will be
\IliUnpr ~ Eqy [woo +1Ages <¢02+¢20)]

7 (1)

Note that f is the equivalent focal lenght of the warm substrate. The mode W’L\ém

is the Laguerre-Gauss mode Lig. In the following we do not move in the Laguerre-
Gauss basis to be consistent with the Virgo praxis. This beam is converging, as

denoted by the positive sign of the imaginary part of the mode amplitude Ag.y =

pin
2Mf

concordant with the sign of 1yy mode amplitude. The reflection of this field
from the cavity can be approximated taken into account that the fundamental mode
is not resonant with the cavity (remember that this is a sideband) while the high
order mode of order two are resonant. Thus the field reflected from the cavity W,

leaving the coated surface can be approximated as:

i)

Here it must be noted the opposite sign between the amplitude of 1)y mode and the

\I/l(éaSB ~ EO [1/}00 — ZAdef ( (2)

amplitude of the imaginary part of Laguerre-Gauss mode: thus beam beam leaving
the coated surface is diverging, exatcly of the same amount for it was converging.
This beam, passing again on the substrate, will be again focused by the substrate,

adding an imaginary part exaclty equal to the negative imaginary part now present.

11



Figura 8: Sidebands power and B23f signal evolution as the absorbed power is increased. The
upper sideband is not resonant with modes or order two of the arm cavity. Both the sidebands are
affected by the rising of aberration

So finally the beam will leave the mirror being not aberrated, to the first order.
This situation has been simulated by the use of Finesse. To be definite let us
consider to modulate the beam at the frequency 6.282700 MHz: in this condition
the upper sideband modes of order two are resonating in the long arms. For sake
of simplicity the system considered is a double cavity system. As described in a
previous note by J. Marque, a clear indication of the sidebands behaviour in presence
of thermal aberrations can be obtained by simulating the system with the long arm’s
loop maintained closed (so that the long arm is in resonance with the carrier) and
exploring the sidebands power while the Recycling mirror position is varied and the
thermal aberrations taken into account. In general three-dimensional graphs are
obtained, as in fig 8. On the X axis the Power Recycling mirror position is reported,
on the Y axis the absorbed power and on the Z axis the power of the sidebands. For
sake of completeness in fig 3 a third graph, the amplitude of the B23f error signal, is
reported, showing the rising of a double stability point as the aberrations increase.
(This figure has been carefully commented elsewhere by J.Marque).

If the none of the sidebands has the modulation frequency indicated above, the

typical graphs of figure 8 are obtained, where both the sidebands power decrese

12
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Figura 9: Sidebands power and B23f signal evolution as the absorbed power is increased. The
upper sideband is resonant with modes or order two of the arm cavity. It is seen that it is almost
not affected by the rising of aberration

as the aberrations grow. (Note that in particular the fig 3 refers to the Anderson
modulation technique.) On the contrary, if the modulation frequency is chosen as
described above, the power of the Upper Sideband does not decrease, as clearly seen
in fig 9. We remark here that for the moment the use of this modulation frequency
is not proposed and this study has to be considered as a view in understanding how
the long arms can clean not only the carrier but also the (a) sideband in particular
conditions.

Turning back to the present case and to the whole interferometer, considering
that the modulation frequency is chosen such that the Upper sideband satisfies
the Anderson condition (TEMO01 mode resonating in the long cavities) and that the
Lower sideband frequency is not resonant with any high order modes, the response of
a sideband to an interferometer imperfection tends to be very different. In particular,
the Upper sidebands of order 1 (misalignments) tends to be cleaned by the long arms
(without cleaning the others) while the Lower sidebands order 1 are not at all cleaned
by the arms. As shown in figure 10, where the cold interferometer is considered, the
Lower sideband tends to be cleaned in the high order terms. The interferometer is

cold, so the aberrations are small with respect to thermally driven condition. It is

13



visible the flatness of the Lower sideband wavefront (whose high order modes tend
to be cleaned) which is nonetheless tilted. On the contrary, the Upper sidebands is
not tilted but its wavefront is quite curved.

H{LEB)HCh<LSE)$(C)> ; Cold

HUSERHCH<HUSBRHC)> | Cold

& L

Figura 10: The simulation of the sidebands in cold interferometer. As expected the aberrations
are quite low but illustrate the typical sidebands response to interferometer aberrations: the Lower
sidebands, on the left, is more affected by misalignment for its wavefront its almost flat but tilted.
On the contrary the Upper sideband, on the right, is less affected by misalignment, being cleaned
by the Anderson condition, but it is curved, being more sensitive to high order aberrations, like
defocus

These different conditions would explain at least the different temporal behavior
of the two sidebands during the very first warming of the interferometer, as shown
in figure 1: when the input mirrors acquire a lens effect that tends to curve the
wavefronts, the Upper sidebands is not at all cleaned by the long arms and very
quickly loses the resonance. The Lower sideband, cleaned with better efficiency on
these modes, does not lose immediately its shape, and better fulfills the resonant
conditions in the recycling cavity. On the contrary, the subsequent behavior of the
interferometer is not still completely described by simulations as it needs a careful
setting of the working point, defined by the demodulation phases and the off-sets

(also depending on alignment), which is under investigation from a simulation point

of view. We note here that the use of DarkF for simulating the interferometer in

14



this conditions seems problematic, for it defines the working point as the set of
position which maximize the carrier power in the cavities, that it is certainly not
the experimental condition. The sidebands’ difference with respect to aberrations
explains also the observed sidebands unbalancing versus tilts, described in the pre-
vious section: the Upper sidebands is cleaned with respect to misalignment, and its
recycling gain is less affected by misalignment with respect to the Lower.

Recently J.Marque has suggested to abandon the Anderson Technique and to change
the modulation frequency following the Ligo choice, i.e. to have the two sidebands
equally far from the fundamental peaks (following Marque this frequency is called
nominal). Whenever DarkF simulations have not checked Marque simulations, the
previous observations on differences (and complications) due to different resonant
conditions for the sidebands tend to support the choice of the nominal frequency.
DarkF and Finesse have been extensively used to identify a good error signal for
TCS. A quite remarkable result is reported in figure 2.1, where the simulated phase
camera signal is compared with the measured one.

The simulations carried out with Finesse agree with DarkF and in particular have
allowed to verify the good agreement not only of the shape of the wavefront but also
of the amplitude of the measured signal on the pin-holed photodiode of the present
phase camera, within 10 percent, measured as the value of negative peak in the
phase camera signal. The simulation on cold interferometer shows a defocus term
which is not compatible with the measured one because it has the right amplitude
but inverted sign. For this case investigations are in progress to understand if the
astigmatism of the input beam can be a source of this discrepancy. In case of
hot interferometer the eventual input beam aberrations play a minor role and in

this case the phase camera signal is in good agreement with the measured one, as
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Figura 11: The simulated DarkF phase camera signal, on the left, and the measured one, on the
right. The agreement on the shape of the wavefront is quite good. The complete evaluation has
been performed with Finesse, see following figure

shown in figure Here we must point out that the actual phase camera does not
distinguish between the two sidebands, so that the final signal is the sum of the two
contributions.

For this reason the simulations of the phase camera signal are in good agreement
with the measured one, while for the actual evaluation of each sidebands separately
work remains to be done, as we discussed previously. Finally we note that also the
wavefront where B2 is placed are affected by input mirror aberrations. A first work
has been done to investigate the eventual possibility to use a phase camera (or a
pin-hole mirror system) in this position to extract a second suitable error signal and
diagonalize the TCS system. First indications on the use of B23f-pin-holed sgnal as

second error signal are promising, but still not conclusive.
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(10

Figura 12: Finesse phase camera signal in cold and hot interferometer, where X and Y axes are
in unity of waist. The vertical scale is the same of the measured signal. The input beam is taken
to be perfect: investigations are currently carried out to uncertain if the disagreement with the
measured one in case of cold interferometer is due to imperfections of input beam, not only in
astigmatism but also in defocus. In case of hot interferometer the agreement is quite good

3 Analytical calculations and conclusion

The complexity of Virgo certainly is better described with the help of proper sim-
ulation tools then by analytical descriptions of aberrations. Nonetheless analytical
calculations, typically performed with approximations, imposes a more intuitive un-
derstanding and can be useful as well. The calculations, reported in Appendix for
sake of simplicity, have been used to choice the actual wavefront sensor for generat-
ing the TCS error signal, i.e. the phase camera. As it is known the phase camera
demodulate the B5 photodiode signal at w,,, scanning the wavefront by a pin-hole
and a PZT system. As we noticed in section 1.3, the Science Mode “phase camera”
will be a bull-eye equivalent photodiode system.

The motivation of the choice of the phase camera as the demodulation at w,, of the
B5 signal on the wavefront is contained in equation 47 of appendix, that we report

here:

17



Wisl?, = {00t [958 (4] + Re [0 feos () 3)

(See also the comments herein). In this approximations the sidebands aberration

are taken to be equal, and in this case it it easily seen that the signal is proportional
to the common mode input mirrors aberrations. We notice again that this signal
is in good agreement with the DarkF simulations and the actualmeasurements, so
that it is the one that will be used for TCS.
As stated in section 1.3, recently the question of using just one error signal or two
has been raised again; this would imply the need of an error signal for differential
mode. In the appendix, the differential mode is taken into account by the differential
phase term ¢’ (z, y), where the superscript n refers to the sidebands order. On this
respect the most useful answer is contained in equation 39, that we report here:

Im() =~ {eos(oc e, ) sin(a) cos (9 ) [ (61— 02)] -

sin(¢pc(x,y)) cos(a) sin (pp(z,y)) [% (m — 772)} (4)where it is shown that the quadra-

ture signal at the output port of the interferometer, Blpcq is proportional to that
phase difference. This is actually the signal used in Ligo for differential mode and
currently is the first candidate to be used also in Virgo, if needed.

On the other hand, we must understand if this signal could be masked by other in-
terferometer imperfections (typically misalignments); simulation work is still under
the way to understand if it is the case and if other signals could be more effective.
Among them, presently a simple wavefront sensing on B1pC' (a pin-hole system on

DC) is under study as well as the wavefront sensing in B2, demodulating at 3f.
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Appendix

A1 Recall of the fields in the interferometer and clarification
of approximation

The notation of the field in the interferometer are reported in figure 10 at the last
page of the paper. They are the same notations used by Erika D’ambrosio [3]. The
field Wy is the result of the phase modulation of the initial Laser beam E; = Eye*.

It can be written as a superposition of carrier and sidebands:
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Figura 13: Interferometer fields nomenclature
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where m is the modulation depth and the w,, is the modulation frequency. Each

sidebands is thus:

tv = Ep [ Ty (m)em| (6)

In this way each sidebands are indicated with the integer n and the carrier can
be also indicate as the zero-order sideband. In the present draft we calculate the
signals only at the 0,1,2 demodulation frequencies. In the calculation we neglect the
contribution of the third harmonic; maybe this point should be reconsidered further.

Resonance situation for the various sidebands are reported in tablel, where it is
important to note that for odd n the sidebands are resonant while they are not for

even n, except for the carrier.

A2 Signals in B5 and Blp in the ideal case and introduction
to approximations

In this section we calculate the fields that can be detected with photodiodes B5 and
Blp. Initially we calculate the fields in the interferometer and their intensity; the
actual fraction of these signals that can be detected by a photodiode, for example
due to BS reflectivity and other optics before the photodiodes, is discussed at the
end of the section. With the notation of figl the field reflected by the arm is:

~ [PCR +1 -1 +2 -2
\I]ref ~ \Ijref + \I]ref + \Ijref + \Ijref + \Ijref (7)

The carrier field reflected by the arm 1,2 is:

20



2F F
Ul = Vil 11+ 7@251 2= e (8)

The sidebands reflected fields are:

+12 +1,2 1012 ()
Viefio = = Vi “rrrae’™ (9)

Here the superscript 1,2 refers to the sideband while the subscript 1,2 refers to
the arm of interferometer. The reflectivity of the mirror is approximated to unity.
In order to calculate the signal it is useful to express the fields with the field in the
recycling cavity. In this way the field just before recombining at the beam splitter
can be written as:

The carrier field is:

1 4 F y
quef12 E\If%g I+ 7¢1,2 — ;771,2 e?w(L+tlseh) (10)

The 1 omega sidebands in the arm 1 are:
1
\I/refl \/5\1;4-1 e2uwrwm)(Lt+Lscn) 1¢1 Hayy) (11)

While the 1 omega sidebands in the arm 2 are:

L\Ij—i—l 2y(wtwm)(L4—Lsen) Z¢2 ) (12)

\IjrefQ \/§
Here Lgp. = (L1 — L9)/2 and L, = (Ly + Ly)/2 indicate the Schnupp and the

Recycling lengths respectively. In the same way it can be written the fields for
the sidebands |n| = 2. Before to consider aberrations we recall the ideal optical
conditions. Thus we impose dark fringe for the carrier at the output port 2wlg., =

2nm and carrier resonance condition in the recycling cavity 2wL, = 2nm. Up to now
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we have expressed all the fields in function of the field inside recycling cavity. This is
the best procedure in our case because the measurements in DP and BS are indeed
a measurement of the field in this cavity. Nevertheless it can be useful to express
these fields starting from the fields ¥y of the beam entering the interferometer. If

try and rgys indicate the transmittivity and reflectivity of the recycling mirror.

t
UGl = g (13)
1-— TRM
tRM 2WmLShc w c
U5l = T~ cos — eFwomLafegEl (14)
and
+2 _ tRM +2 (15)
RC — 1 + TRM CcoS 2wm Lshe e:t4lme+/C IN
Resonant condition for |n| = 1 sidebands is:
2w Ly fc=2n+ )7 (16)
and all the |n| = 1 sidebands light exits the dark port if:
€08 21wy, Lspe /¢ = TRM (17)

This condition makes not-resonant the |n| = 2 (and even) sidebands and resonant
all the odds. It is now possible to express the field at the dark port DP and pick-off

port PO, in our case the reflection of the field in arm 1 from the beam-splitter.

The field at the DP is (c=1):
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1
Vor = 5 { VR |

1 F

F
— (m —m2)| +
T

(01 — @) — —
T

+ 28in (2w Lsen) Ve — 25in (2w, Lsen) Y pet

+ 25in (4w Lsen) Ve — vsin (4w, Lsen) Y g (18)

while the field at the pick-off port BS is given by:

1 2 F F
Vps = VG {\P% 1+ 7<Z51 L Uhe — \I’EQC} (19)

The time dependence of signals can be put in evidence indicating by ¥" =

~

Unemet: the field at the antisymmetric port DP (B1) and at the Beam Splitter

port (B5) of the interferometer can then be calculated as (¢ =1):

2 F F

Vpp = ; {‘I/}ng (1 — ¢2) (m —n2)| +

S T
+ 2 Uhhemt sin (2w, Lgen) +

U phe @ mt sin (2w Lgen) (20)

And the field at the BS port:

F

1 N R
VUpg = {\P% [1 + 7651 - m| - PEletrmt — ﬂlﬁéeﬂ“’mt} (21)

V2

Having discussed the main conditions regulating the work of the interferometer we
can now recover the signals at the two photodiodes at the demodulation frequency
of 1 omega. This is done for a better discussion in the following section when we
will make a first analytical estimations of the effects of aberrations of input mirrors,
to be eventually compared with non analytical simulations. Just to simplify the
calculations we remember that in general the signal is [U]2 = (a+1b)e ™" + (a —

w)e ™! so that |2 = 2Re(a + 1b) cos(wint) — 2Im(a — 1b) sin(wy,t), and this
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makes it convenient to calculate the quantity N = (a + b) and finally write that
W2 = 2Re(N) cos(wpt) + 2Im(N) sin(wy,t).

In the ideal case written up to now Npp and Npgg are:

NDP:Z

+ [% (1 — ¢2) — % (m — 772)} (=) sin (2w, Lisen) \Ijgg (\pg{?)* (22)

In the ideal case the sidebands remain imaginary with respect to the carrier, so

[ 0= 00 = = tn = m)] () sin (2o L) VWL

™ ™

that we can continue to assume that U¢H = U = 4UGE We expect that this

condition will be changed by aberrations. Calling o = (2w, Lse, the quantity Npp

becomes:

1 L F
Npp = Z(—Zsina) [ !

= (0 - 0] (23)

As expected Npp is imaginary so that the quadrature signal:

1 8F
Sprq = 2Im(Npp) sin(wnt) = | sina { (61 — @)} sin(wat)  (24)
T
is proportional only to the gravitational signal while, as expected, the in-phase
signal 2Re(Npp) cos(wy,t) is equal to zero.
In the same way the pick-off signal BS can be obtained considering that Npg is

equal to:

—F
T

01— Zm| WGE (L)}
(25)

1 2 F F A *
Vs = 7§ [+ T - T RE (W) 1+

In the ideal case of sidebands imaginary and perfectly superposed to the carrier

Nps becomes simply:
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Nos=-—={"0n) (26)

As expected it is real so that the signal proportional to the phase difference

between carrier and sidebands is recovered by the in-phase signal

Spsr = 2Re(Npg) cos(wpnt) = —\}5 {8:@} cos(wpt) (27)

while the quadrature signal is equal to zero.

Finally let us consider the signals at 2 omega. As it will be shown later the most
important contribution is given by the interference of the |n| = 1 sidebands. In the
ideal case as it is expected the two signals are a measure of the sidebands power

distribution:

|\I/Dp|gwm ~ sin? (2w Lgen) Ui (\i/;zlc)* 62""“—1—(@/}%10)* Tl e 2wmt — 9 [ﬁlfg}; (\ifﬁlc) *} cos (2wpt)
(28)

and
Upsls,,, = Ukt (V55) " eort + (D) Wrbe2ont = 2[5 (VL) | cos (2wmt)

(29)

A3 Signals in B5 and Blp in the non ideal case of input
mirrors aberrations

Before to consider all the signals at the different modulation frequencies we consider
the 1 omega signals, in which the main contribution is given by |n| = 1 sidebands

interference with carrier. So for the moment we neglect the |n| = 2 sidebands in
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our calculations. As we will see the |n| = 2 sidebands is nevertheless not important

even for DC and 2 omega signals.

We first consider the DP signal, which is a bit less evident then the BS signal.
Here we repeat the derivation already seen for the ideal case so to clarify the prop-
erties of the aberrations that we use. So we introduce the phases gbﬂ(m, y) acquired
by the sideband +1 in reflection in the arm 1,2. Tacking into account of these phases
the DP signal can be written as:

1 20 F F
\I/DP — —5 {ng |:1 + 7¢1 — ?771 eQZw(L++LSCh)+

_ @Eéeuﬁl($7y)€21(w+Wm)(L++L5ch) _ \Ij}}lcewsl_l(xvy)GQZ(W_wm)(L++LSch)+

et [1 +Eg Em} e2w(Ly—Lsen) 4

+ \Iﬂ}%lceuﬁl(ﬂﬁvy)€22(w+Wm)(L+—Lsch) + \Ijﬁéezéz_l(:my)eQZ(w_wm)(L+_LSch) 4 (30)
Ignoring the minus sign and the common phase term e?+ the DP field can be

written as:

2F F

1 W .
Vpp = 5 {‘I’gg 1+ 7¢1 - eHhsen 4

_ \I/Eév€z¢1+l(x’y) 621(w+wm)Lsch e2womly _ qjl—%éemg;l (z,y) €2z(w—wm)LSche—2zme+ +

-WGE [1 + %% — %772} e~ 2whsen 4

4 \I/Eével‘b;rl(x7y)€_2l(w+wm)l’5°h e2wom Lt 4 \Ifglce“ﬁ;(x’y)e_zl(“’_“’m)LSCh6_2’“7”L+ (31)

Only now we finally re-impose the dark fringe condition: 2wLg., = 2n7m so that

1l F
— ——(m —m2)| +
T T

Upp = ; {‘I’gg { (1 — @)

+1 _ -1
_ \I/Jééewﬁl (z,y) eszmLsch 621me+ - \IIRé'eZ¢1 (x,y)€_2ZW7nLSCh6_27/(1)77LL++
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+ Uple?s @y)e=2wmbscng2mle | Gl ety (@4) g=2mwmLscn o =2wm Lt (32)

Now we can start considering the aberrations and approximations that we can
suppose: as first we suppose that the mean phases are equal to zero in reflection.
This seems reasonable in that it should be just a rescaling of Lg.,. Nonetheless this
condition could be discussed. With this condition true the conditions for resonance
of sidebands are the usual 2w,, L, = (2n+ 1)7 and the field at the dark port can be

written as:

1

Upp =3 {‘1’% { (o1 — ¢2)

+1 _ -1 _
+ \I;Jlglcezd)l (m,y)€21mesch +\11Réf€z¢1 (m,y)e 2zme5Ch+

1

F
— (m —m2)| +
T

™

- \I[—Eéez¢;1(x’y)672lmeSch . \I}ééelgf);l(xvy)temeSch (33)

The phases can be divided in a common and differential phase such that ¢7!(z, y) =

S, y) + o (@, y) and ¢35t (z,9) = 65 (z,9) — ¢5' (z,y) and the field becomes:

1 2F
Ypp =3 {‘1’%

F
T —;(771_772)4-

(61— ¢2)

+ \Ijzlcezq&gl (m,y)e2zmeSCh ezqﬁgl (z,y) + \If]_%lcewgl (z,y) 6—22meSCh €z¢51 (z,y) +

- UhLed @) g=2wmlseng19h (v4) _ YL erbc' (@) g2wmLsen o =18p' (2:4) (34)

By some algebra we obtain:

U F F
7 (771 - 772)} +

™

1
Upp =3 {‘I’gg

(61 — ¢2)

+ 1 Led @w)gwmt gin (2mesch + o5 (z, y)) +
U phertc’ (Bw) gmwmt gin (meLgch + ¢p' (z, y)) (35)
Now we consider that the sidebands are affected in the same way by reflection and

impose ¢ (2,y) = —¢¢' (2,y) = ¢c(z,y) and 65 (v,y) = —dp' (,y) = dp(2,y).
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Of course here we are neglecting the effects of differences in sidebands.

In this way we can write:

2 F

Upp = ; {‘I’g — (1 — ¢2) — Z (m —n2)| +

+ z\ilglce“%(x’y)e”mt [sin (2w, Lsen) cos (dp(x,y)) + cos (2w, Lser) sin (¢p(x,y))]
—z\ilgée_’%l(x’y)e_wmt [sin (2wy, Lisen) cos (¢p(x,y)) — cos (2w Lser) sin (¢p(x,y))] (36)

In this case the quantity N is given by:

(¢1 $2) — i (m — 772)] (—Z>€71¢C(x’y) [sin(a) cos (¢p(z,y))] +

WG (WhE)
\I/CR\I/RC [

WGET [

W —¢2) — = (771 772)} (—Z>€_Z¢C(m’y) [cos(a) sin (¢p(z,y))] +
< 62) = £ (m — m)] (=) 2e @) [sin(a) cos (pp(z,y))] +
(¢1 = ¢2) = £ (m — m2)| (1)e~9e @) [cos(a) sin (6 (,y))] (37)

The sidebands are almost imaginary with respect to carrier so that it is convenient

to write them as: W5l = 1W%s. An eventual common phase of the two carrier can

be considered comprised in ¢¢(z,y).

N = le*uﬁc(xy {

[QZF
4

(61 62) — = (m — )] (1) in(ex) cos (6, )] +

(22 (¢ — ¢2) — £ (1 — m2)] (—1) [cos(a) sin (6 (2, ))] +
[Z2E (61 — ¢2) — £ (1 — m2)] (+1) [sin(a) cos (ép(x,y))] +
[Z2E (61 — ¢2) — £ (1 — m2)] (—1) [cos(@) sin (6 (2, ))] (38)
And then N is equal to:
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2F

™

N = 167@6(%@) { [_42}7 (¢1 — ¢2)| sin(a) cos (¢p(z,y)) + {

] : (= m)| cosa) sin (6 . )

(39)

Finally we obtain:

—4h
T

(61— )] sin(a) cos (0, ) + [

(40)

N = leos(oc(e. ) — ssinéc(r ) { (= )] cos()

The real part of N is then equal to:

2F

™

Re(N) = ; {cos(6c (2. ) cos(a) sin (9n(r. ) |
sin(c (2, y)) sin(a) cos (9p(x. ) [4F (61 — ¢2)] (41)

and in the same way, for Im(N) it can be found:

)] -

Im() =~ {eos(oc e, ) sin(a) cos (9 ) [ (61— 02)] -

sin(¢c(x, y)) cos(a) sin (¢p(z,)) [ (m — 12)] (42)

These are the most important expressions to observe to understand what sig-
nal can be interesting for our purpose. The signal proportional to the Im(N) is in
quadrature with respect to the modulation signal and it is what Virgo calls In Phase
for historical reasons and it is the signal of the gravitational signal. On the opposite,
what we call In quadrature is the signal proportional to Re(N) which is in phase
with the modulation signal.

The opposite is done by Ligo: they call in phase what is in phase and in quadrature
what is in quadrature (a typical rough and incomprehensible way of doing of Amer-

icans!).
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One of the 2 signals that Ligo uses as an error signal for thermal compensation of the
input mirrors radius of curvature is what they called AS;. From what we said this
signal corresponds to the physical in phase signal i.e. what it obtained by Re(N).

In our calculations this signal is to the leading order proportional to the differential
aberrations acquired by the sidebands: this sounds reasonable whenever it must be

better understood.

For what concerns the signal that can be taken at the pick-off port the situation
is much more clear. We also write the signals in DC and 1 and 2 omega due to the
fact that maybe a photodiode pixellated will be used here, that could be centered
with DC signal and to compare the various contributions.

For the D.C. signal it is easily obtained:

Waslhe = [WGE[ + k[ + o[ (43)

The major contribution to the signal at the modulation frequency is given by:

A A * QZF F A * A 2ZF F
V] 2 _ —\I/CR \II+1 <1 - ) —wmt \IJCR \I/+1 (1 _ - ) wWwmt
Vs, RC ( RC) T b1 e ( RC) RC - $1 et

3% (‘i’Eé*) (1 + 21 — %771) et + (44)
While the major contribution to the signal at the double of the modulation

frequency is given by:

Vssly.,, = Vit (\ifélc)* eomt 4 (\If}lc)* Pl 2wmty
PG (B72)" (14 250, — Egy) e 2ont— (BGE) 2 (1 — 2, — L) e2nty

- UGE (‘i’f%zc)* (1 + 25 — %71) 62"”’"t—(‘i’%g>* |5 (1 — 2 — %771) e~ 2mt(45)
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In the previous equation we have neglected the contribution given from the inter-
ference of the |n| = 1 with |n| = 2 sidebands at the 1w signal, because it is negligible.
As a further approximation consider the sidebands to be equal and take \i/%g real.

With these approximation we can write, for the power in DC, at 1 and 2 w:

2
Wps[he ~ [9G4] (46)

This equation just recalls that the DC signal out from the BS is essentially the
power of carrier. In a pixellated photodiode it can be used to center the beam
on the photodiode in the same way as it is presently discussed for the alignment
photodiodes. We now write the signal at the modulation frequency following the
previous approximations, but pointing out that the sidebands could take a real term,
equivalent to a modulation not only in phase but also, much smaller, in amplitude.
We let this term written not for a present comment but for eventual discussion.
Finally the loss 577 is neglected respect to unity. With this considerations the signal

at the modulation frequency is:

8F

™

Upsl? = {

From this equation it is recalled that the main signal at the modulation frequency

é1Im [@gg (\ifﬁé*)} +4Re {\ifgg@j%} } cos (wWpt) (47)

in phase is the phase difference between carrier and sideband(s). (We remember that
sidebands are presently taken to be equal). This is the signal that in our opinion
seems the best to recover aberrations of the sidebands with respect to the carrier:
indeed aberrations will produce a first order error signal in phase difference while
they will produce a second order effect in power. Nevertheless the power of the
sidebands can be detected at the double of the modulation frequency. Indeed the

power at 2w,, can be calculated as:
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Upsls, ~ Uk (\ifglc)* e?emt 4 (@E};)* Wl e2wmt — 9 [\Il (\ifﬁlo) *} cos (2wpt)
(48)
Where again we have supposed the two sidebands equal and we have neglected
the contribution arising from the interference of carrier and |n| = 2 sidebands. In-
deed this last terms are of the order WEEUE2 &~ /GCRtpym? < UL UL ~ GEim
with F*'m? equal to the gain of the recycling cavity for the |n| = 1 sidebands.
This last gain is measured to be 20 while the product of the carrier recycling gain
and recycling mirror transmittivity 40 % 0.04 = 1.6 is a bit more than one order of
magnitude less and allows us to neglect the contribution. It is also interesting to
note that if the sidebands are not equal or are phase shifted one with respect to the
other then a signal in quadrature arise at the double of the modulation frequency

that could be considered eventually as an error signal for their differences.

With the same approximations the DC signal at the output port DP can be

expressed as:

2 2
orlpe = WGE] (L= 1)+ a? (Jwit] + [vzb[) (49)
where I' = Carrier contrast, a = sin (%) These quantities must be mea-

sured for the new laser power.
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